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CLOSED 1-FORMS IN TOPOLOGY AND DYNAMICS 

1^ -. MICHAEL FARBER AND DIRK SCHUTZ 
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^isi ' Abstract. This article surveys recent progress of results in topology 

and dynamics based on techniques of closed one-forms. Our approach 
1^ ' allows us to draw conclusions about properties of flows by studying ho- 

motopical and cohomological features of manifolds. More specifically we 
describe a Lusternik - Schnirelmann type theory for closed one-forms, 

C^ ' the focusing effect for flows and the theory of Lyapunov one-forms. We 

also discuss recent results about cohomological treatment of the invari- 
ants cat(X, ^) and cat^(X, ,f) and their explicit computation in certain 

pH ' examples. 

2 ' To S.P. Novikov on the occasion of his 70-th birthday 
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^ I In 1981 S.P. Novikov [361I39J initiated a generalization of Morse theory which 

~l ■ gives topological estimates on the numbers of zeros of closed 1-forms, see also 

^\j , |4HI42j. Novikov was motivated by a variety of important problems of math- 

cn ' ematical physics, leading, in one way or another, to the problem of finding 

[~^ ■ relations between the topology of the underlying manifold and the number 

CD I of zeros which closed 1-forms in a specific one-dimensional real cohomology 

class possess. Recall that a closed 1-form can be viewed as a multi-valued 
function or functional whose branching behavior is fully characterized by 
the cohomology class. 
^ ' In [39] Novikov studies various problems of physics where the motion can 
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j^ ■ be reduced to the principle of an extremal action S, which is a multi-valued 

functional on the space of curves, with the variation 6S being a well-defined 
closed 1-form, cf. [351 EZl HD] • Among problems of this kind are the Kirchhoff 
equations for the motion of a rigid body in ideal fluid, the Leggett equation 
for the magnetic momentum, and others. 

His fundamental idea in [39] was based on a plan to construct a chain com- 
plex, now called the Novikov complex, which uses dynamics of the gradient 
flow in the abelian covering associated with the cohomology class. The dy- 
namics of gradient flows appears traditionally in Morse theory providing a 
bridge between the critical set of a function and the global ambient topology. 
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At present the Novikov theory of closed one-forms is a rapidly developing 
area of topology which interacts with various mathematical theories. J.- 
Cl. Sikorav |551 [56] was the first who applied Novikov theory in symplectic 
topology. Hofer and Salamon [28] pioneered exploiting the ideas of Novikov 
theory in Floer theory. More recent applications of Novikov theory in sym- 
plectic topology and Hamiltonian dynamics can be found, for example, in 
the work of Oh [43], Usher [62] and references mentioned there. Combinato- 
rial group theory is another area where Novikov theory plays an important 
role; this connection was also discovered by J. -CI. Sikorav who realized that 
the Bieri - Neumann - Strebel invariant can be expressed in terms of (a 
generalized noncommutative) Novikov homology. 

Many problems of Novikov theory are still being actively developed in cur- 
rent research. The list of such topics includes (a) constructions of chain 
complexes (more general than the Novikov complex) which are able to cap- 
ture the link between topology of the manifold and topology of the set of 
zeros, (b) various types of inequalities for closed 1-forms (with Morse or 
Bott type nondegeneracy assumptions), (c) equivariant inequalities and (d) 
problems about sharpness of these inequalities. 

Two recent monographs [18], [47] give expositions of Novikov theory from 
quite different angles. 

Topology of closed 1-forms is a broader research area which together with 
the Novikov theory studies a new Lusternik - Schnirelmann type theory for 
closed 1-forms initiated in 2002 in [15] . The latter theory also aims at finding 
relations between topology of the zero set of a closed one-form and homotopy 
information, based mainly on the cohomology class of the form. The words 
"Lusternik - Schnirelmann type" intend to emphasize that no assumptions 
on the character of zeros are made, unlike the ones which appear in the 
Novikov theory requiring that all zeros are nondegenerate in the sense of 
Morse. 

Although Lusternik - Schnirelmann theory for closed one-forms shares many 
common features with the Lusternik - Schnirelmann theory of functions and 
with the Novikov theory of closed one-forms, it is also very different from 
both these classical theories. The most striking new phenomenon is based on 
the fact that in any nonzero cohomology class there always exists a closed 1- 
form having at most one zero (see Theorem |4] below). Hence, the new theory 
is not merely about the number of zeros but, as we show in this article, about 
qualitative dynamical properties of smooth flows on manifolds. 
Given a smooth flow one wants to "tame" it by a closed 1-form lying in a 
prescribed cohomology class. More precisely, one wants to find a closed 1- 
form such that the flow is locally decreasing. This idea leads to the notion of 
a Lyapunov closed one-form generalizing the classical notion of a Lyapunov 
function. The key question about the existence of Lyapunov closed 1-forms 
for flows has been resolved in a series of papers of Farber, Kappeler, Latschev 
and Zehnder [ig [H [201 [32l [33]. Note that the classical theorem of C. 
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Conley [H [5] gives the answer in the special case of the zero cohoniology 
class, i.e. when one deals with Lyapunov functions. When the cohomology 
class is nontrivial the notion of asymptotic cycle of a flow introduced by 
Schwartznian [521 [53] plays a crucial role. 

A brief account of Lusternik - Schnirelmann theory for closed one-forms can 
be found in chapter 10 of the book [18] published in 2004. The main idea 
of this paper is to survey the new results obtained after 2004. To put the 
material in context we start this survey with a section describing the basic 
results of the Novikov theory. 

In a forthcoming paper [26] we introduce and study the notion of sigma 
invariants for a finite CW-complex X analogously to the sigma invariants 
of groups of Bieri et al [HE]. These invariants carry information about 
the finiteness properties of infinite abelian covers of X. Both the present 
survey and [26] have a common main theme: they are based on movability 
properties of subsets of X with respect to a closed 1-form which are very 
close in spirit to the idea of Novikov homology. 

Table of contents 

1. Fundamentals of the Novikov theory 

2. The colliding theorem 

3. Closed 1-forms on general topological spaces 

4. Lyapunov 1-forms for flows 

5. Notions of category with respect to a cohomology class 

6. Focussing effect 

7. Existence of flow-convex neighbourhoods 

8. Proof of Theorem [T2] 

9. Topology of the chain recurrent set R^ 

10. Proof of Theorem [H] 

11. Cohomological estimates for cat(X, ^) 

12. Upper bounds for cat(X, ^) and relations with the Bieri - Neumann - 
Strebel invariants 

13. Homological category weights, estimates for cat(X, ^) and calculation of 
cat(X, ^), cat-'^(X, ^) for products of surfaces 

1. Fundamentals of the Novikov theory 

S.P. Novikov [36j . |39j suggested a generalization of the classical Morse the- 
ory which gives lower bounds on the number of zeros of Morse closed 1-forms. 
In this section we will give a brief account of the Novikov theory. We touch 
here only the following selected topics: Novikov inequalities, Novikov num- 
bers, and Novikov Principle leading to the notion of the Novikov complex. 
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We refer the reader to the original papers [Ml EH] and to the monograph [18] 
for proofs and more details. Historical information about the development 
of the subject after [36l [39] as well as bibliographic references can also be 
found in [TSl. 



1.1. Novikov inequalities. Let M be a smooth manifold. A smooth closed 
1-form uj on M is defined as a smooth section of the cotangent bundle 
T*M -^ M satisfying da; = 0. By the Poincare lemma for any simply 
connected open set f/ C M one has uj\U = dfu where /t/ : t/ ^ M is 
a smooth function, defined uniquely up to addition of a locally constant 
function. The zeros of u) are points p £ M such that ujp = 0. If p lies in a 
simply connected domain U then Wp = if and only if p is a critical point 
offu. 

Definition 1. A zero p G M of a smooth closed 1-form uj is said to be 
non-degenerate if it is a non-degenerate critical point of the function fjj. 

Clearly, this property is independent of the choice of the simply connected 
domain U and the function fjj. 

Definition 2. The Morse index of a non-degenerate zero p of cj is defined 
as the Morse index of p viewed as a critical point of fjj. 

We denote the Morse index by ind(p). It takes values 0, 1, 2, . . . , n where 
n = dimM. 

The main problem of the Novikov theory is as follows. Let u; be a smooth 
closed one- form on a closed smooth manifold M. Let us additionally assume 
that CO is Morse, i.e. all its zeros are nondegenerate in the sense explained 
above. We denote by Cj(u;) the number of zeros of uj having Morse index i, 
where i = 0,1, . . . ,n. One wants to estimate the numbers Ci{iu) in terms of 
information about the topology of M and of the cohomology class 

(1) ^=[uj]eH\M;m) 

represented by uj. 

In the case of classical Morse theory one has ^ = [w] = (i.e. uj = df where 
/ : M ^ M is a smooth function) and the answer is given by the Morse 
inequalities 

(2) aiuj) > hi{M) + qi{M) + %_i(M) 

where hi{M) denotes the i-th Betti number of M and qi{M) denotes the 
minimal number of generators of the torsion subgroup of Hi{M; Z). 
S.P. Novikov |36[ I39j introduced generalizations of the numbers bi{M) and 
qi{M) which depend on the cohomology class ^ of a; (see ([I])) and are denoted 
bi{^) and qi{^) correspondingly. We call bi{^) the Novikov - Betti number; 
the number qi{£,) is the Novikov torsion number. Their definitions will be 
given below. The Novikov inequality (in its simplest form) states: 
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Theorem 1. Let to be a smooth closed 1-form on a smooth closed manifold 
M. Assum,e that all zeros of to are nondegenerate. Then 

(3) Ci(a;)>5i(0+gi(0+9i-i(e), 

where £, = {uj\ ^ H'^{M;^) denotes the cohomology class represented by uj. 

Note that for ^^ = the number bi{^) coincides with bi{M) and the number 

QiiO coincides with qi{M), i.e. the Novikov inequahties ([3|) contain the 

Morse inequahties ([2]) as a special case. 

Our goal in this section is to explain the main ideas of the proof of Theorem 

[1] without intending to present full details. A complete proof can be found 

in [H], pages 46-48. 

Next we introduce the Novikov ring Novk where k is a commutative ring. 

Elements of Nov^ are formal "power series" of the form 

where t is a formal variable, the coefficients are elements of k, n^ £ k, and 
the exponents 7 € M are arbitrary real numbers satisfying the following 
condition: for any c € M the set 

(4) {7GR;n^y^0, 7>c} 

is finite. Equivalently, an element x G Novk can be represented in the form 

X = not^° + nif'^ + naf^^ + . . . 

where nj G k, 7^ S M, 70 > 71 > 72 > . . . and 7^ tends to —00. In other 
words, element of the Novikov ring Nov^ are "Laurent like" power series 
with integral coefficients and with arbitrary real exponents tending to —00. 
Addition in Novk is given by adding the coefficients of powers of t with 
equal exponents. Multiplication in Novk is given by the formula 

where 

71+72=7 

Note that the last sum contains only finitely many nonzero terms and more- 
over, the set of all the exponents 7 € M for which n is nonzero also satisfies 
the property that the sets (jl]) are finite. 
For simplicity, we will abbreviate the notation Nov^ to Nov. 

Lemma 1. The ring Nov is a principal ideal domain. Moreover, for any 
field k the ring Nov^ is a field. 

The second statement is in fact trivial; the proof of the first statement can 
be found in [18], page 8. The credit for Lemma [T] should be mainly given to 
S.P. Novikov who discovered and stated it without proof. Full proofs appear 
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in [28] , [H] and [18] . Similar statements concerning related rings of rational 
functions were discovered in [TT], [55] . 

Now we can explain how one associates to a cohomology class ^ € H^{M; M) 
the Novikov numbers hi{^) and qi{C)- Here we assume that M is a smooth 
closed manifold although the construction is applicable to finite polyhedra. 
Consider the group ring Z[7r] where vr denotes the fundamental group vr = 
7ri(X, xo). The class ^ determines a ring homomorphism 

(5) 05 : Z[7r] ^ Nov 
defined on a group element g G vr by the formula 

(j,f^{g) = t'^^'d) £ Nov. 

Here {£,,g) G M is the evaluation of the cohomology class ^ on the homotopy 
class g. Recall that t denote the formal indeterminant of the Novikov ring. 
Clearly, 

M99') = t^^''''^ = t<«'^>+<«'^'> = M9)M9') 
i.e. i;^^ is multiplicative on group elements. It follows that (p^ extends by 
linearity on the whole group ring as a ring homomorphism. By the well- 
known construction homomorphism ([5]) defines a local system of left Nov- 
modules over M which we denote by £5. The homology Hi(M;C^) of this 
local system is a finitely generated module over the Novikov ring Nov. As 
we know, Nov is a principal ideal domain, and therefore Hi{M]C^) is a 
direct sum of a free and a torsion Nov-module. 

Definition 3. The Novikov-Betti number 6i(^) is defined as the rank of the 
free part of Hi{X,C^). The Novikov torsion number qi{i) is defined as the 
minimal number of generators of the torsion submodule of Hi{X; C^). 

Recall the definition of homology of local system Hi{M;C^). Consider the 
universal cover M ^t M and the singular chain complex C^{M). The latter 
is a chain complex of free left modules over the group ring Z[7r]. One views 
Nov as a right ^[vr] -module where 

X ■ g = x(p^{g), where x G Nov, g & it. 

Then Hi{M;C^) is the homology of the chain complex 

(6) Nov®^[,]a(M). 

1.2. Novikov and Universal complexes. The main idea of S.P. Novikov 
in [36^ l39] which finally led him to Theorem [1] was the statement that for 
any Morse closed 1-form to on a smooth closed manifold M there exists a 
chain complex C^ (which is now known as the Novikov complex) having the 
following two properties: 

(1) C^ is a free chain complex of 'Nov-modules and each module Of 
has a canonical free basis which is in one-to-one correspondence with 
zeros of to having Morse index i, where i = 0, 1, . . . , n = dim M. 
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(2) C^ is chain homotopy equivalent to the complex Nov (Ki^m C^{M). 
In particular, the homology Hi{C^) is isomorphic to Hi{M; C^). 

This statement, which we call the the Novikov Principle, trivially implies 
Theorem [TJ It should be compared with the classical Morse Principle which 
claims that for any Morse function on a closed smooth manifold there exists 
a chain complex C^ having the following two properties: 

(1) C^ is a free chain complex of 'L[iT\-modules and each module Cf has 
a canonical free basis which is in one-to-one correspondence with 
critical points of f having Morse index i, where i = 0, 1, . . . ,n = 
dimM. 

(2) C^ is chain homotopy equivalent to the chain complex C^{M), where 
M is the universal cover of M and vr = tti{M). 

There are several explicit constructions of Morse theory which lead to the 
complex C-' . One of them is based on the fact that M admits a cell- 
decomposition with cells in one-to-one correspondence with critical points 
of /. Another well-known construction of C' is based on the Witten defor- 
mation of the de Rham complex. 

One is naturally led to ask if there exist other ring homomorphisms 

(7) p : ZH ^ n, 

distinct from ([5]), for which the analogue of the Novikov Principle holds. To 
be more specific, we say that the Novikov Principle is valid for a group tt, a 
group homomorphisn^ ^ : vr ^ M and a ring homomorphism p ■.U\ti\ ^ TZ 
if for any smooth closed manifold M with vri (M) = tt and for any Morse 
closed 1-form tu on M representing the cohomology class ^ there exists a 
chain complex 

c- = (0 ^ c^ ^ c^ 1 ^ • • • ^ cr - Co- - ) 

of free finitely generated TZ-modules having the following two properties: 

(1) each module Cf has a canonical free basis which is in one-to-one 
correspondence with the zeros of uj having Morse index i; 

(2) The complex C^ is chain homotopy equivalent to IZ (X)z[7r] C^[M), 
where IZ is viewed as a left Z[TT]-module via p. 

A positive answer to this question was given in [12j in the case of rational 
cohomology classes and in [14J in the general case. Besides ([5]) the Novikov 
principle holds for many other ring homomorphisms ([7]). Moreover, there 
exists "the largest" such homomorphism which we describe below. The 
chain complex C^ in this case is called the Universal complex. This complex 
lives over a localization of the group ring Z[7r]. 

An element a € Z[7r] will be called ^-negative if a = Yl''^j9j (finite sum), 
where Uj € Z and ^{gj) < for all j. An m x m-matrix A over the group 



iQne has i{gg') = ^9) + C(5') for g,g'e7v 
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ring Z[7r] will be called ^-negative if all its entries are .^-negative. Consider 

the class Sg of square matrices of the form Id + j4, where A is an arbitrary 

^-negative square matrix with entries in Z[7r]. 

Note that in the case ^ = (when one studies Morse functions) the set of 

^-negative matrices is empty and so the Cohn localization ([8]) is just the 

identity map. 

We will use the notion of noncommutative localization developed by P.M. 

Cohn [3J. The universal Cohn localization of the group ring Z[7r] with respect 

to the class S^ is a ring S£-'^(Z[7r]) together with a ring homomorphism 

(8) p5:Z[7r]^S-/(Z[7r]), 

satisfying the following two properties: first, any matrix /Og(Id + ^4), where 
A is ^-negative, is invertible over S;^(Z[7r]), and, secondly, it is a universal 
homomorphism having this property, i.e., for any ring homomorphism p : 
Z[7r] -^ 7^, inverting all matrices of the form I + A, where A is ^-negative, 
there exists a unique ring homomorphism : $]£^(Z[7r]) -^ TZ such that the 
following diagram commutes 



S-/(Z[7r]) 



z[7r] n 

p 

We refer to the book of P.M. Cohn [3], where the existence of localization 
([8|) is proven. 

Theorem 2. Let vr be any group and ^ G H^{ir;M.) be a cohomology class. 
Then the Novikov Principle is valid for the Cohn localization ^. 

Farber and Ranicki in [12j proved this theorem in the case of integral coho- 
mology classes; the general case was treated by Farber [13]. The construc- 
tion of the Universal complex C^ employs the technique of collapse for chain 
complexes which is analogous to the well-known operation of combinatorial 
collapse. This technique was initiated in [12j . 

One should mention another important closely related ring called the Novikov- 
Sikorav completion Zvr^; it was first introduced by J. -CI. Sikorav [55] who 
was inspired by the construction of the Novikov ring Nov. One can view 
Ztt^ as the noncommutative analogue of the Novikov ring. Elements of Zvr^ 
are represented by formal sums, possibly infinite, 



a 



^nigi 



where nj € Z and gi G vr, satisfying the following condition: for any real 
number c G M the set {i; £,{gi) > c} is finite. Compare this with the 
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construction of the Novikov ring above. Addition and multiplication are 
given by the usual formulae; for example, the product of q = ^ ntgi G Ztt^ 
and /? = X] "'■j^i ^ '^''^S, i^ given by 

(9) a- f5 = ^{nimj){gihj). 

The ring homomorphism p : Z[7r] — > Zvr^ is the inclusion. If j4 is a ^-negative 
square matrix over the ring ^[vr], then the power series 



(Id + A)-^ = ld-A + A^ - ... 

converges in Zvr^ and hence the matrix I + A is invertible in Zvr^. From 
the universal property of the Cohn localization it follows that there exists a 
canonical ring homomorphism 

(10) i:f{Z[Tr])^Z^^, 

extending the inclusion Z[7r] — > Ztt^. This implies that the homomorphism 
([8]) is injective. 

It is not known whether ()10p is always injective. Intuitively, the image of 
(jlOp consists of "rational power series". This is a consequence of the char- 
acterization of elements of the Cohn localization as components of solutions 
of a linear system of equations; cf. [3], Chapter 7. 

1.3. Novikov numbers and the fundamental group. It is obvious that 
one-dimensional Novikov numbers 6i(^) and qi{^) depend only on the fun- 
damental group vri(X) and on the homomorphism of periods (, : vri(X) — > M. 
Interestingly there is also a strong inverse dependence, i.e. one may some- 
times recover information about the fundamental group while studying &i(^) 
and qi{(,). The following result shows that nontriviality of the first Novikov - 
Betti number bi{^) happens only if the fundamental group tti{X) is "large": 

Theorem 3 (Farber-Schiitz [21]). Let X be a connected finite complex and 
let ^ € H^{X;M.) be a nonzero cohomology class. If the first Novikov-Betti 
number 6i(^) is positive then vri(X) contains a nonabelian free subgroup. 

Theorem [3] has the following Corollaries: 

Corollary 2. Let X be a connected finite polyhedron having an amenable 
fundamental group. Then the first Novikov-Betti number vanishes bi{^) = 
foranyC^O(£H\X;R). 

Corollary 3. Assume that X is a connected finite two-dimensional poly- 
hedron. If the Euler characteristic of X is negative x{^) < then vri(X) 
contains a nonabelian free subgroup. 
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Corollary [3] follows from Theorem [3] and from the Euler -Poincare theorem 
for the Novikov numbers 

oo 

Y,i-1)%{0 = x{X). 

i=0 

The proof of Theorem [3] given in [21] is based on the results of R. Bieri, W. 
Neumann, R. Strebel [Ij and J. -CI. Sikorav [55]. 

We refer the reader to articles |45j . |46| . |48j and [IS] for additional infor- 
mation. 

2. The colliding theorem 

As follows from the discussion of the previous section, the Novikov theory 
gives bounds from below on the number of distinct zeros which have closed 
Morse type 1-forms u> lying in a prescribed cohomology class ^ E H^{M; M). 
The total number of zeros is then at least the sum ^ • bj{^) of the Novikov 
numbers bj(^). 

If a; is a closed 1-form representing the zero cohomology class then lo = df 
where / : M — > R is a smooth function; in this case to must have at least 
cat(M) geometrically distinct zeros (which are exactly the critical points of 
the function /), according to the classical Lusternik-Schnirelmann theory 
[7]; this result requires no assumptions on the nature of the zeros. 

Encouraged by the success of the Novikov theory one may ask if it is possible 
to construct an analogue of the Lusternik - Schnirelmann theory for closed 
1-forms. It is quite surprising that in general, with the exception of two 
situations mentioned above, there are no obstructions for constructing closed 
1-forms possessing a single zero. Hence, for ^ 7^ 0, the only homotopy 
invariant o(M, ^) (depending on the topology of M and on the cohomology 
class ^) such that any closed 1-form uj on M with [uj] = S, has at least a{M, S,) 
zeros is a{M,^) = or a{M,^) = 1. 

Theorem 4 (Farber ||15J, Farber - Schiitz [22]). Let M be a closed connected 
n-dimensional smooth manifold, and let ^ G H^^M-jW) be a nonzero real 
cohomology class. Then there exists a smooth closed 1-form uj in the class 
^ having at most one zero. 

This result suggests that "the Lusternik-Schnirelmann theory for closed 1- 
forms" (if it exists) must have a new character, quite distinct from both 
the classical Lusternik-Schnirelmann theory of functions and the Novikov 
theory of closed 1-forms. 

Theorem m was proven in [15] under an additional assumption that the class 
^ is integral, ^ € H^{M; Z); see also [18], Theorem 10.1. In full generality it 
was proven in [22j. 

Let us mention briefly a similar question. We know that if xi^^) = then 
there exists a nowhere zero 1-form uj on M. Given xi^) = 0; one may ask 
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if it is possible to find a nowhere zero f-forni a; on M wliich is closed, i.e. 
duj = 0? The answer is negative in general. For example, vanishing of the 
Novikov numbers bj{^) = is a necessary condition for the class ^ to be 
representable by a closed 1-form without zeros. The full list of necessary 
and sufficient conditions (in the case dim M > 5) is given by the theorem of 
Latour [34] . 

Theorem [J] was proven in [15] and [18] in the case when the cohomology 
class ^ is of rank 1. In this section we follow our recent paper [22] and give 
the proof of Theorem [5] in the case when rk(^) > 1. 

2.1. Singular foliations of closed one-forms. Let M be a smooth man- 
ifold. A smooth closed 1-form uj with Morse zeros determines a singular 
foliation uj = on M. It is a decomposition of M into leaves: two points 
p,q (z M belong to the same leaf if there exists a path 7 : [0, 1] — > M with 
7(0) = p, 7(1) = q and a;(7(t)) = for all t. Locally, in a simply connected 
domain U C M, we have uj\u = df, where / : [/ ^ M; each connected 
component of the level set /~^(c) lies in a single leaf. If U is small enough 
and does not contain the zeros of lo, one may find coordinates xi, . . . , x„ in 
U such that / = xi; hence the leaves in U are the sets xi = c. Near such 
points the singular foliation a; = is a usual foliation. On the contrary, if U 
is a small neighborhood of a zero p G M of w having Morse index < k < n, 
then there are coordinates xi, . . . , a;„ in [/ such that Xi{p) = and the leaves 
of w = in [/ are the level sets — xf — ■ ■ ■ — x1 + x|_,_j^ + ■ ■ ■ + x'^ = c. The leaf 
L with c = contains the zero p. It has a singularity at p: a neighborhood 
of p in L is homeomorphic to a cone over the product S''~^ x S"'~^~^. There 
are finitely many singular leaves, i.e. the leaves containing the zeros of to. 
We are particularly interested in the singular leaves containing the zeros 
of UJ having Morse indices 1 and n — 1. Removing such a zero p locally 
disconnects the leaf L. However globally the complement L — p may or may 
not be connected. 

The singular foliation a; = is co- oriented: the normal bundle to any leaf 
at any nonsingular point has a specified orientation. 

We shall use the notion of a weakly complete closed 1-form introduced by G. 
Levitt [35] . A closed 1-form uj is called weakly complete if it has Morse type 
zeros and for any smooth path a : [0, 1] — > M* with J uj = the endpoints 
(t(0) and a{l) lie in the same leaf of the foliation lij = on M* . Here M* 
denotes M — {pi, . . . ,Pm} where pj are the zeros of uj. 
A weakly complete closed 1-form with ^ = [a;] 7^ has no zeros with Morse 
indices and n. According to Levitt [35], any nonzero real cohomology class 
^ G iJ^(M;M) can be represented by a weakly complete closed 1-form. 
The plan of our proof of Theorem[4|is as follows. We start with a weakly com- 
plete closed 1-form uj lying in the prescribed cohomology class ^ G H^{M; R), 
^ 7^ 0. We show that assuming rk(^) > 1 all leaves of the singular foliation 
UJ = are dense (see §2.2p . We perturb uj such that the resulting closed 
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l-form uj' has a single singular leaf (see §2.3p . After that we apply the 
technique of Takens [61] allowing us to collide the zeros in a single (highly 
degenerate) zero. We first prove Theorem |4] assuming that n = dimM > 2; 
the special case n = 2 is treated separately later. 

2.2. Density of the leaves. In this section we show that if uj is weakly 

complete and rk(^) > 1 then the leaves of cv = are dense; moreover, given 

a point X £ M and a leaf L C M of the singular foliation oj = 0, there exist 

two sequences of points x^ G L and y^ £ L such that Xj. -^ x, y/^ ^ x, and 

r^k rvk 

(11) / u; > 0, while / w < 0. 



The integrals in ( fjij) are calculated along an arbitrary path lying in a small 
neighborhood of x. This can also be expressed by saying that the leaf L 
approaches x from both the positive and the negative sides. This statement 
was also observed by G. Levitt [35], p. 645; we give below a different proof. 
In general the assumptions that oj has no centers and rk(^) > 1 do not imply 
that the leaves of the foliation u; = are dense, see the examples in Chapter 
11, §9.3 of [18]. 

Let u; be a weakly complete closed l-form in class ^. Consider the covering 
TT : M ^ M corresponding to the kernel of the homomorphism of periods 
Per^ : 7ri(M) -^ M, where ^ = [a;] G H^{M;M). Let iJ C M be the group of 
periods. The rank of H equals rk(^); since we assume that rk(^) > 1, the 
group H is dense in M. The group of periods H acts on the covering space 
M as the group of covering transformations. We have 7^*00 = dF where 
F : M — > M is a smooth function. The leaves of the singular foliation u; = 
are the images under the projection vr of the level sets F~^{c); this property 
follows from the weak completeness of w, see [35], Proposition II. 1. For any 
g (z H and x & M one has 

(12) F{gx) - F{x) = g eR. 

Let L = 7r{F~^(c)) be a leaf and let x G M be an arbitrary point. Our goal 
is to show that x lies in the closure L oi L. Let U C M he a path-connected 
neighborhood of x which is assumed to be "small" in the following sense: 
(,\u = 0. We want to show that U (IL contains a point y satisfying jj u; > 
where the integral is calculated along a curve in U. 

Consider a lift x G M, tt{x) = x. Let C/ be a neighborhood of x which is 
mapped by it homeomorphically onto U. We claim that the set of values 
F{U) C M contains an interval (a — e, a -|- e) where a = F{x) and e > 0. 
This claim is obvious if x is not a critical point of F since in this case one 
may choose the coordinates xi, . . . , x^ around x such that -F(x) = a + xi. 
In the case when x is a critical point of F, one may choose the coordinates 
xi, . . . ,x„ near the point x £ M such that -F(x) is given by a^x\^x'^ + ■ ■ ■ + 
ibx^ and our claim follows since we know that the Morse index is distinct 
from and n. 
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F(c) 



_,_gu 



a+g 



■-,U 



', X ♦ 



-*- R 



Because of the density of the group of translations H C M one may find 
g ^ H such that the real number F{gx) = F{x) + g = a + g lies in the 
interval (c, c + e). Then we obtain 

(13) ce {a + g-e,a + g) C g + F{U) = F{gU). 

We see that the sets F~^{c) and gU have a common point y. The point 
y = 7r(y) £ U H L has the required property f^ to > 0. 

2.3. Modification. Our next goal is to replace a; by a Morse closed 1-form 
uj' which has the property that all its zeros lie on the same singular leaf of 
the singular foliation uj' = 0. In this section we assume that n = dimM > 2. 

Let a; be a weakly complete Morse closed 1-form in class ^ where rk(^) > 1. 
Let pi, . ■ . ,Pm £ M he the zeros of lo. For each pj choose a small neighbor- 
hood Uj 3 Pj and local coordinates xi, . . . ,Xn in Uj such that Xi{pj) = for 
i = 1, . . . ,n and 



(14) uj\ 



u, 



dfj , where fj 



Xr-. 



+ X. 



nij+1 



H + xt, 



Here rrij denotes the Morse index of pj. We assume that the ball X]"^^ ^1 — ^ 
is contained in Uj and that Uj n Uji = for j ^ j' . Denote by Wj the open 

ballEr=i^'<l- 

Let (j) : [0, 1] — > [0, 1] be a smooth function with the following properties: (a) 

= on [3/4, 1]; (b) </> = e > on [0, 1/2]; (c) -1 < 0' < 0. Such a function 



exists assuming that e > is small enough, (a), (b), (c) imply that 
(15) (j)'{r) > -2r, for r > 0. 
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We replace the closed 1-form u by 

m 

(16) Lo' = u) — 2_\ fJ'j ■ dgj 

i=i 
where Qj : M ^ M is a smooth function with support in Uj. In the coordi- 
nates xi, . . . , x„ of Uj (see above) the function qj is given by gj{x) = (/>(| |x| |). 
The parameters fij G [—1, 1] appearing in ([16]) are specified later. 
One has uj = to' on M — UjUj and near the zeros of uj. Let us show that ui' 
has no additional zeros. We have to'lu^ = d{fj — fJ-jgj) (where fj is defined 
in (HD) and 



(17) 7^(/. -/^.ff.) = ±2x. -^,0'(||x||)^ 

If this partial derivative vanishes and Xj 7^ then 0'(r) = ±2rfj,J which 
may happen only for r = [|x[| =0 according to (jlSp . 

We now show how to choose the parameters ^j so that the closed 1-form uj' 
given by (I16p has a unique singular leaf. Let L be a fixed nonsingular leaf of 
UJ = 0. Since L is dense in M (see ^2.2|) for any j = 1, . . . ,m the intersection 
L n Uj contains infinitely many connected components approaching pj from 
below and from above and the function fj is constant on each of them. We 




say that a subset Tc C L Ci Wj is a level set if Tc = f^ (c) fl Wj for some 
c G M. Note that fj{pj) = 0. The level set c = contains the zero pj] it is 
homeomorphic to the cone over the product 5""*^"^ x 5'""™-''"^. Each level 
set Tc with c < is diffeomorphic to 5""*^"^ x D'"'~'^i and each level set T^ 
with c > is diffeomorphic to D"^^ x 5"""^^"^. Recall that rrij denotes the 
Morse index of pj . 

Let Vj = fj{Lr\Wj) C M denote the set of values of fj on different level sets 
belonging to the leaf L. The zero does not lie in Vj since we assume that 
the leaf L is nonsingular. However, according to the result proven in §2.21 
the zero G M is a limit point of Vj and, moreover, the closure of either of 
the sets Vj n (0, 00) and Vj n (— cxd, 0) contains G M. 

For the modification ut' (given by (|16p ) one has uj'\u- = dhj where hj = 
fj — fJ^jgj- The level sets T^ for hj are defined as hJ (c) fl Wj. Clearly T^ is 
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given by the equation 

fj{x) = fij(l){\\x\\) + c, xeWj. 

Hence for ||a;|| > 3/4 this is the same as T^, for ||x|| < 1/2 the level set 
T^ coincides with Tc-^-fj,e- In the ring 1/2 < ||a;|| < 3/4 the level set T^ is 
homeomorphic to a cylinder. 

The following figure illustrates the distinction between the level sets Tc and 
T^ in the case Hj > 0. 




Case i^j >0. 

Examine the changes which the leaf L undergoes when we replace w by w'. 
Here we view L with the leaf topology; it is the topology induced on L from 
the covering M using an arbitrary lift L ^ M. First, let us assume that: 
(1) the Morse index rrij satisfies rrij < n — 1; (2) the coefficient ^j > is 
positive; (3) the number —e^j lies in the set Vj. Then the complement 



L- U T. 



— e^j<c<0 

is connected and it lies in a single leaf L' of the singular foliation uj' = 0. 
We see that the new leaf L' is obtained from L by infinitely many surgeries. 
Namely, each level set Tc C L, where c G Vj satisfies — e/Xj < c < 0, is 
removed and replaced by a copy of D^^ x S"'~"^^~^; besides, the set Tc C L 
where c = —e/J-j, is removed and gets replaced by a cone over the product 
gruj-i ^ ^n-nij-i^ Heucc the new leaf L' contains the zero pj. 

Let us now show how one may modify the above construction in the case 
rrij = n — 1. Since n > 2 we have in this case n — rrij — 1 < n — 2; hence 
removing the sphere S^~^i~^ from the leaf L does not disconnect L. We 
shall assume that the coefficient fij is negative and that the number —efij 
lies in Vj C M. The complement 

L- U Tc 

cev, 

0<c< — e^j 
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is connected and it lies in a single leaf L' of the singular foliation uj' = 0. 
Clearly, L' is obtained from L by removing the level sets Tc where c G Vj 
satisfies < c < — e/ij (each such T^ is diffeomorphic to D^^ x S'""™'^^"'^) 
and by replacing them by copies of 5*"^"^ x L)"""^^. In addition, the set 
Tc C L where c = — C/Uj, is removed and is replaces by a cone over the 



1 Ky Qn~m 



product S"^^'' X S 

We see that V is a leaf of the singular foliation a;' = containing all the 

zeros pi,...,pm- 

2.4. Proof of Theorem [4l Below we assume that rk(^) > 1. The case 
rk(^) = 1 is covered by Theorem 2.1 from }15]. 

The results of the preceding sections allow us to complete the proof of The- 
orem H] in the case n = dimM > 2. Indeed, we showed in §2.31 how to 
construct a Morse closed 1-form uj' lying in the prescribed cohomology class 
^ such that all zeros of u' are Morse and belong to the same singular leaf L' 
of the singular foliation u' = 0. Now we may apply the colliding technique 
of F. Takens [61], pages 203-206. Namely, we may find a piecewise smooth 
tree V d L' containing all the zeros of uj' . Let [/ C M be a small neigh- 
borhood of r which is diffeomorphic to M". We may find a continuous map 
^ : Af — > M with the following properties: 

^(r) is a single point p G T; 

^Iaz-e is a diffeoniorphism onto M — p; 

^{U) = U; 

^ is the identity map on the complement of a small neighborhood V <Z M 

ofT where the closure V is contained in U. 

Consider a smooth function /:[/—> M such that df = uj'\u; it exists and is 

unique up to a constant. The function g = f o "^^^ : [/ — > M is well-defined 

(since /|r is constant), g is continuous by the universal property of the 

quotient topology. Moreover, g is smooth on M — p. Applying Theorem 2.7 

from [61], we see that we can replace g hy a smooth function h : U ^ M 

having a single critical point at p and such that h = f on U — V. 

Let CO be a closed 1-form on M given by 

(18) UJ \]y.j_Y = ^'\]\4_Y and uj \i/ = dh. 

Clearly cj is a smooth closed 1-form on M having no zeros in M — {p}. 
Moreover, uj lies in the cohomology class ^ = [u)'] (since any loop in M is 
homologous to a loop in M — y). 

Now we prove Theorem |4| the case n = 2. We shall replace the construction 
of §2.31 (which requires n > 2) by a direct construction. The final argument 
using the Takens' technique |61j remains the same. 

Let M be a closed surface and let ^ G H^{M;M.) be a nonzero cohomology 
class. We can split M into a connected sum 
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where each Mj is a torus or a Klein bottle and such that the cohoniology 
class ^j = C|m G -ff^(Mj;M) is nonzero. Let ujj be a closed 1-form on 
Mj lying in the class ^j and having no zeros; obviously such a form exists. 
§9.3.2 of [18] describes the construction of connected sum of closed 1-forms 
on surfaces. Each connecting tube contributes two zeros. In fact there are 
three different ways of forming the connected sum, they are denoted by A, 
B, C on Figure 9.8 in [18j . In the type C connected sum the zeros lie on the 
same singular leaf. Hence by using the type C connected sum operation we 
get a closed 1-form uj on M having 2k — 2 zeros which all lie on the same 
singular leaf of the singular foliation w = 0. The colliding argument based 
on the technique of Takens |6lj applies as in the case n > 2 and produces a 
closed 1-form with at most one zero lying in class ^. 

3. Closed one-forms on general topological spaces 

Since closed one-forms are central for our constructions, it will be conve- 
nient to operate with the notion of a closed one-form defined on general 
topological spaces. This notion will allow us to deal with spaces more gen- 
eral than smooth manifolds. The calculus of closed one-forms on topological 
spaces is very similar to that of smooth closed one-forms on manifolds: one 
may integrate any closed one-form along a path; the integral depends only 
on the homotopy class of the path; any closed one-form represents a one- 
dimensional cohomology class and any continuous function / determines an 
exact closed one- form df, the differential of /. 

In this section we recall the basic definitions referring to the book [18] for 
proofs and more details. 

3.1. Basic definitions. 

Definition 4. A continuous closed 1-form to on a topological space X is 
defined as a collection {fu}ueu of continuous real-valued functions fu : 
?7 — > M, where U = {U} is an open cover of X, such that for any pair 
U,V &U the difference 

fu\unv-fv\unv-UnV^R 

is a locally constant function. Another such collection {gv}v€V (where V 
is another open cover of X) defines an equivalent closed 1-form if the union 
collection 

{fu,gv}ueu,vev 

is a closed 1-form (in the sense of the above definition), i.e., if for any U aU 
and F € V, the function fjj — gy is locally constant onU (~\V . 

Let ij!) : y — > X be a continuous map and let u; be a continuous closed 1-form 
on X. Then the induced closed 1-form (j)*uj is defined as follows. Let u; = 
{fu}u&A-i where U is an open cover of X. The family (^"^U = {<p^'^{U)}jj^ii 
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is an open cover of Y and the functions fu°(p define a continuous closed 
l-form with respect to the cover (fi~^l/(. 

As an example consider an open cover U = {X} consisting of the whole 
space X. Then any continuous function f : X ^ M defines a closed l-form 
on X, which is denoted by df. For two continuous functions /, 5 : X — > M, 
df = dg holds if and only if the difference f — g : X ^M is locally constant. 

3.2. Integration. One may integrate continuous closed 1-forms along con- 
tinuous paths. Let u; be a continuous closed l-form on X given by a collection 
of continuous real-valued functions {fu}u€U with respect to an open cover 
U of X. Let 7 : [0, 1] — > X be a continuous path. The line integral J uj is 
defined as follows. Find a subdivision to = < ti < • • • < tiv = 1 of the 
interval [0, 1] such that for any i the image 'y[ti, tj+i] is contained in a single 
open set Ui &U. Then we define 

N-l 



(19) /'' = ^ ifuMti+i)) - fuMm- 

i=0 



The standard argument shows that the integral (llOh does not depend on the 
choice of the subdivision and the open cover U. 

For any pair of continuous paths 7, 7' : [0, 1] ^ X with common beginning 
7(0) = 7'(0) and common end points 7(1) = 7'(1), it holds that 



UJ = u, 

'y J ^' 



provided that 7 and 7' are homotopic relative to the boundary. 

3.3. Cohomology class of a closed one-form. Any continuous closed 
l-form UJ defines the homomorphism of periods 



(20) 7ri{X,xo)^M., [-f]^ iveW 

J-y 

given by integration along closed loops 7 : [0, 1] — s- X with 7(0) = xq = 7(1). 
The image of this homomorphism is a subgroup of M whose rank is called 
the rank of to and is denoted rk(u;). 

Recall that a topological space X is homologically locally n-connected if for 
every point x E X and any neighborhood U oi x there exists a neighborhood 
V of X in U such that the induced homomorphism of the reduced integral 
singular homology Hq(V) -^ Hq[U) is trivial for all q < n. X is locally path 
connected iff it is homologically locally 0-connected. 

Lemma 4. Let X be a locally path- connected topological space. A continuous 
closed l-form to on X equals df for a continuous function f : X ^M if and 
only if for any choice of the base point xq G X the homomorphism of periods 
i20\} determined by to is trivial. 



CLOSED 1-FORMS IN TOPOLOGY AND DYNAMICS 19 

Proof. If uj = df, then J lo = f{q) — f{p) holds for any path 7 in X, where 
q = 7(1), p = 7(0). Hence J w = if 7 is a closed loop. 

Conversely, assume that the homomorphism of periods (j20p is trivial. Our 
assumption about X implies that connected components of X are open and 
path connected. In each connected component of X choose a base point 
Xi (z X. One defines a continuous function / : X — >• M by 



f{x) = uj; 

Jxi 

here x and Xj belong the same connected component of X and the integration 
is taken along an arbitrary path connecting Xitox. The result of integration 
is independent of the choice of the path because of our assumption that 
the homomorphism of periods (|20p is trivial. Assume that a; is given by 
a collection of continuous functions /{/ : C/ — > M with respect to an open 
cover {[/} of X. Then for any two points x,y lying in the same connected 
component of U, 

f{y)-f{x)= f\ = fu{y) - fuix); 

J X 

here the line integral is understood along any continuous path connecting x 
and y. This shows that the function f — fjj is locally constant on U. Hence 
df = L0. D 

Any continuous closed 1-form uj on a topological space X defines a singular 
cohomology class [uj] G ii^^(X;M). It is defined by the homomorphism of 
periods ^ viewed as an element of Hom(ii'i(X);M) = H'^{X;R). As 
follows from the above lemma, two continuous closed 1-forms uj and uj' on 
X lie in the same cohomology class [uj] = [uj'] if and only if their difference 
uj — uj' equals df, where f : X ^M is a continuous function. Here we assume 
that X is locally path-connected. 

Lemma 5. Let X be a paracompact Hausdorff homologically locally 1-con- 
nected topological space. Then any .singular cohomology class ^ E H^{X;M.) 
may be realized by a continuous closed 1-form on X . 

4. Lyapunov 1-forms for flows 

C. Conley [1], [5] showed that any continuous flow ^ : X x M ^> X on a 
compact metric space X "decomposes" into a chain recurrent flow and a 
gradient-like flow. More precisely, he proved the existence of a continuous 
function L : X — > M which (i) decreases along any orbit of the flow in the 
complement X — Rof the chain recurrent set R CZ X of ^ and (ii) is constant 
on the connected components of R. Such a function L is called a Lyapunov 
function for <I>. Conley 's existence result plays a fundamental role in his 
program of understanding general flows as collections of isolated invariant 
sets linked by heteroclinic orbits. 
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A more general notion of a Lyapunov 1-form was introduced in the paper 
|16j . Lyapunov 1-forms, compared to Lyapunov functions, allow us to go 
one step further and to analyze the flow within the chain-recurrent set R as 
well. Lyapunov 1-forms provide an important tool in applying methods of 
homotopy theory to dynamical systems. 

The problem of the existence of continuous Lyapunov 1-forms was first ad- 
dressed in paper |19j . in the generality of compact metric spaces, contin- 
uous flows and continuous closed 1-forms. In this section we present the 
result of [20] dealing with the smooth version of the problem: we are inter- 
ested in constructing smooth Lyapunov 1-forms for smooth flows on smooth 
manifolds. These conditions are formulated in terms of homological prop- 
erties of the flow; in particular, we use Schwartzman's asymptotic cycles 
^^($) e Hi{M;R) of the flow. 

We would like to refer the reader to related work by J. Latschev [32l [33] . 
Let y be a smooth vector field on a smooth manifold M. Assume that 
V generates a continuous flow ^ : M x M ^ M and y C M is a closed, 
flow- invariant subset. 

Definition 5. A smooth closed 1-form a; on M is called a Lyapunov 1-form 
for the pair (<I>, Y) if it has the following properties: 

(Al) The function Lyi^) = '^(^) is negative on M — Y. 
(A2) uj\y = and there exists a smooth function f : U ^ M defined on 
an open neighborhood UofY such that iu\u = df. 

The above definition is a modification of the notion of a Lyapunov 1-form 
introduced in §6 of [16]. Definition[5]can also be compared with the definition 
of a Lyapunov 1-form in the continuous setting which was introduced in [19] . 
Condition (Al) above is slightly stronger than condition (LI) of Definition 
1 in [19]. Condition (A2) is similar to condition (L2) of Definition 1 from 
[19] although they are not equivalent. 

There exist several natural alternatives for condition (A2). One of them is: 
(A2') The 1-form to, viewed as a map uj : M ^ T*{M), vanishes on Y. 

It is clear that (A2) implies (A2'). We can show that the converse is true 
under some additional assumptions: 

Lemma 6. // the de Rham cohomology class ^ of to is integral, ^ = [tu] £ 
H^{M;'L), then conditions (A2' ) and (A2) are equivalent. 

Proof. Clearly we only need to show that (A2') implies (A2). Since ^ is 
integral, there exists a smooth map (/> : M — > 5*^ such that uj = (j)*{d9), 
where dO is the standard angular 1-form on the circle S^. Let a € S^ 
be a regular value of (p. Assuming that (A2') holds, it then follows that 
U = M — (f)~^{a) is an open neighborhood of Y. Clearly u}\ij = df where 
/:[/—> M is a smooth function which is related to (j) by (t){x) = exp{if{x)) 
for any x G C/. Hence (A2) holds. □ 
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Lemma 7. Conditions (S!2! ) and (A2) are equivalent if Y is a Euclidean 
Neighborhood Retract (ENR). 

Proof. Again, we only have to establish (A2') =?■ (A2). Since Y is an ENR it 
admits an open neighborhood U C M such that the inclusion ijj : U ^ M 
is homotopic to iy o r, where iy ■ Y ^ M is the inclusion and r : U ^ Y 
is a retraction (see |6], Chapter 4, §8, Corollary 8.7). Pick a base point Xj 
in every path-connected component Uj of U and define a smooth function 
/,• -.Uj^R by 



fj{x) = UJ, X G Uj. 



The latter integral is independent of the choice of the integration path in 
Uj connecting Xj with x. This claim is equivalent to the vanishing of the 
integral J uj for any closed loop 7 lying in U. To show this, we apply the 
retraction to see that 7 is homotopic in M to the loop 71 = r o 7, which 
lies in Y; thus we obtain J uj = J uj = because of (A2'). It is clear 
that the functions fj together determine a smooth function / : [/ ^ M with 
df = uj\u. □ 

A class of interesting examples of Lyapunov 1-forms can be obtained as 
follows. Let u; be a smooth closed 1-form on a closed Riemannian manifold 
M. Consider the negative gradient vector field V of w, i.e., {V,X) = —uj{X) 
for any vector field X on M where (•, •) denotes the Riemannian metric. 
Denote by $ the flow induced by the vector field V and by Y the set of 
zeros of uj. Then clearly conditions (Al) and (A2') are satisfied. If either 
the cohomology class of uj is integral or Y is an ENR, then (by the two 
lemmas above) u; is a Lyapunov 1-form for the pair {^,Y). 

The main goal of this section is to specify topological conditions which guar- 
antee that for a given vector field V on M and for a prescribed cohomology 
class ^ € H^{M; R) there exists a Lyapunov 1-form uj of the flow of V with 

[u.] = e 

Asymptotic cycles of Schwartzman. Let M be a closed smooth mani- 
fold and let F be a smooth vector field. Let $ : M x M ^ M be the fiow 
generated by V. Consider a Borel measure ^ on M which is invariant under 
$. According to S. Schwartzman [52j, these data determine a real homology 
class 

Af, = Af,{^) eHi{M;R) 

called the asymptotic cycle of the flow ^ corresponding to the measure fj,. 
The class A/j, is defined as follows. For a de Rham cohomology class S^ £ 
H^{M;R) the evaluation {^,A^) G M is given by the integral 

(21) {C,A^) = I iv{uj)df,, 

J M 
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where u; is a closed l-form in the class S,. Note that (^, A^) is well-defined, 
i.e., it depends only on the cohomology class S, of lo; see [52], page 277. 
Indeed, when we replace lo hy uj' = lo + df , where / : M ^ R is a smooth 
function, the integral in (I2ip gets changed by the quantity 



(22) / V{f)dfi = lim - / {fix ■ s) - fix)} dfiix). 

Here Vif) denotes the derivative of / in the direction of the vector field V 
and X ■ s stands for the flow $(j;, s) of the vector field V. Since the measure 
/i is flow invariant, the right integral in ()22p vanishes for any /. It is clear 
that the right hand side of (12ip is a linear function of .^ G //^(M;M). Hence 
there exists a unique real homology class A^ € /7i(M;M) which satisfies 
(pTD for ah^ E H^iM;R). 

Necessary conditions. We consider the flow <I> as being fixed and we vary 
the invariant measure /i. As the class A^ G HiiM;M) depends linearly on 
/i, the set of asymptotic cycles A^ corresponding to all <I>-invariant positive 
measures /x forms a convex cone in the vector space HiiM;M). 

Proposition 8. Assume that there exists a Lyapunov l-form for i^,Y) 
lying in a cohomology class ^ € H^iM;W). Then 

(23) {^,A^) < 

for any ^-invariant positive Borel measure fi on M; equality in II23\) takes 
place if and only if the complement of Y has measure zero. Furthermore, 
the restriction of ^ to Y , viewed as a Cech cohomology class 

i\Y&H\Y-^), 

vanishes, ^|y = 0. 

Proof. Let a; be a Lyapunov l-form for ($, Y) lying in the class ^. According 
to Definition [5l the function 61/(0;) is negative on M — y and vanishes on Y . 
We obtain that the integral 

Lviuj)dfi = (C, A') 

M 

is nonpositive. 

Assuming /i(M — Y) > 0, we find a compact K C M — Y with niK) > 0; 
This follows from the theorem of Riesz; see, e.g., |30j . Theorem 2.3(iv), page 
256. There is a constant e > such that Lviuj)\K < — £• Therefore, one has 

Lviuj)dfi < -efiiK) < 0. 

M 

Hence, the value {^,A^) is strictly negative if the measure fi is not supported 
iny. 
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To prove the second statement, we observe (see [58]) that the Cech coho- 
mology H^(Y;M.) equals the direct hmit of the singular cohomology 

H^(Y;R) = lim H^(W;R), 
Wdy 

where W runs over open neighborhoods of Y. It is clear in view of condition 
(A2) that ^1^ = G H^{U;R) (by the de Rham theorem). Hence the result 
follows. D 

Chain-recurrent set R^. Given a flow $, our aim is to construct a Lya- 
punov 1-form uj for a pair ($, Y) lying in a given cohomology class ^ G 
if^(M;M). A natural candidate for Y is the subset R^ = R^{^) of the 
chain-recurrent set R = R{^) which was defined in [19]. We briefly recall 
the definition. 

Fix a Riemannian metric on M and denote by d the corresponding distance 
function. Given any 6 > 0, T > 1, a {5,T)-chain from x ^ M to y ^ M 
is a finite sequence xq = x^xi, . . . ,X]y = y of points in M and numbers 
ti, . . . ,ti\f € M such that ti > T and d(a;j_i • tj, Xj) < 6 for all 1 < i < A^. 
Here we use the notation ^{x,t) = x ■ t. The chain recurrent set R = R{^) 
of the fiow $ is defined as the set of all points a; € M such that for any 
6 > and T > 1 there exists a ((5, T)-chain starting and ending at x. The 
chain recurrent set R is closed and invariant under the flow. 
Given a cohomology class ^ € H^{M;M.), there is a natural covering space 
p^ : M^ — > M associated with ^. A closed loop 7 : [0, 1] — > M lifts to a 
closed loop in M^ if and only if the value of the cohomology class ^ on the 
homology class [7] G Hi{M;Z) vanishes, {S,, [7]) = 0. 

The flow <1> lifts uniquely to a flow $ on the covering M^ . Consider the chain 
recurrent set R{^) C M^ of the lifted flow and denote by R^ = p^{R(^)) C 
M its projection onto M. The set R^ is referred to as the chain recurrent set 
associated to the cohomology class ^. It is clear that R^ is closed, ^-invariant, 
and R^ C R. 

We denote by Cg the complement of R^ in R, 

Cf ^ R — itf . 

Let us mention the following example illustrating the definition of R^ . Con- 
sider a smooth fiow on a closed manifold M whose chain recurrent set R 
consists of finitely many rest points and periodic orbits. Given a cohomology 
class ^ G H^{M;R), the chain recurrent set R(^ is the union of all the rest 
points and of those periodic orbits whose homology classes z G Hi{M;Z) 
satisfy {C, z) =0. 

In general, any fixed point of the flow belongs to R^. The points of a periodic 
orbit belong to R^ if the homology class z G Hi{X; Z) of this orbit satisfies 
{tz) = 0. 

It may happen that the points of a periodic orbit belong to R^ although 
{C,z) ^0 for the homology class z of the orbit. This possibility is illustrated 
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by the following example; cf. |19j . Consider the flow on the planar ring 




Y 



Figure 1. The flow on the planar ring Y. 

Y C C shown in Figure [TJ In the polar coordinates (r, (f>) the ring Y is 
given by the inequalities 1 < r < 3 and the flow is given by the differential 
equations 

r = {r- l)2(r - 3)^(r - 5)^ <p = sin (^ • -) • 

Let Cfc, where k = 1,2, 3, denote the circle r = 2k — 1. The circles Ci , C2, C3 
are invariant under the flow. The motion along the circles Ci and C3 has 
constant angular velocity 1. Identifying any point {r,4>) G Ci with {5r,(j)) G 
C3, we obtain a torus X = Y j ~ and a flow <I> : X x M ^ X. The images 
of the circles Ci , C2 , C3 C Y represent two circles C| = C3 and C2 on the 
torus X. Let ^ G i^^(X;R) be a nonzero cohomology class which is the 
pullback of a cohomology class of Y . One verifies that in this example the 
set ^^(*I*) coincides with the whole torus X. In particular, R^{^) contains 
the periodic orbits C[ = C3 and C2 although clearly (^, [Cf,]) ^ 0. 

A different definition of R^ which does not use the covering space M^ can 
be found in [19] . 

To state the main result of this section, we need the following notion. A 
{5, T)- cycle of the flow $ is defined as a pair {x,t), where x G M and 
t > T such that d{x,x ■ t) < 6. If (5 is small enough, then any {d,T)-cycle 
determines in a canonical way a unique homology class z € Hi{M; Z) which 
is represented by the flow trajectory from x to x ■ t followed by a ^^shorf 
arc connecting x ■ t with x. See |19] for more details. 



Theorem 5 (Farber, Kappeler, Latschev, Zehnder [20]). Let V be a smooth 
vector field on a smooth closed m,anifold M . Denote by ^ : M x M ^ M 
the flow generated by V. Let ^ € H'^{M;M) he a cohomology class such that 
the restriction ^[r^, viewed as a Cech cohomology class ^\r^ € H^{R^;M.), 
vanishes. Then the following properties of ^ are equivalent: 
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Figure 2. {6,T)-cyde. 

(I) There exists a smooth Lyapunov 1-form for {^,R^) in the cohomology 
class ^ and the subset C^ is closed. 

(II) For any Riemannian metric on M there exist 5 > and T > \ such that 
the homology class z G Hi{M;Z) associated with an arbitrary (6,T)-cycle 
{x,t) of the flow, with x € Cg, satisfies {S,,z) < —1. 

(III) The subset C^ is closed and there exists a constant rj > such that 
for any ^-invariant positive Borel measure /x on M the asymptotic cycle 
A^ = A^,{^) G Hi{M;M) satisfies 

(24) (e,^^) < -ri-KCd- 

(IV) The subset C^ is closed and for any ^-invariant positive Borel measure 
fi on X with fJ,{C^) > 0, the asymptotic cycle A/j, = Afj,{^) £ Hi{M;M) 
satisfies 

(25) {tA^)<0. 



Condition ()24|) can be reformulated using the notion of a quasi-regular point. 
Recall that x G X is a quasi-regular point of the flow $ : X x M — > X if for 
any continuous function / : X — > M the limit 

1 /•* 

(26) lim - / f{x- s)ds 

t^oo t Jq 

exists. It follows from the ergodic theorem that the subset Q C X of all 
quasi-regular points has full measure with respect to any <I>-invariant positive 
Borel measure on X. From the Riesz representation theorem (see, e.g., [50j . 
page 256) one deduces that for any quasi-regular point x a Q there exists a 
unique positive flow-invariant Borel measure Hx with HxiX) = 1 satisfying 

(27) hm ^ [ fix- s)ds = I fdfix 

t^oo t Jo Jx 
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for any continuous function /. We use below the well-known fact that any 
positive, ^-invariant Borel measure /x with /u(X) = 1 belongs to the weak* 
closure of the convex hull of the set of measures fix, x £ Q. 
If the subset C^ C X is closed, and hence compact, one can apply the above- 
mentioned facts to the restriction of the flow to Cg. Let lv be an arbitrary 
smooth closed 1-form lying in the cohomology class ^. For any quasi-regular 
point X G C^ of the flow ^\c( one has 

1 r^* 1 /■* 

(28) lim — / u) = lim — / iy(a;)(x • s)ds 
*^°° t Jx *^°° t Jq 

Lv{^)dfJ.x = (^,^mJ- 
M 

We therefore conclude that condition (III) is equivalent to: 

(III') The subset C^ is closed and there exists a constant rj > such that for 

any quasi-regular point x £ C^, 

(29) lim - / iu < -ri, 

*^°° t Jx 

where uj is an arbitrary closed 1-form in the class ^. 

The value of the limit (j29p is independent of the choice of a closed 1-form 

cj; the only requirement is that lo lies in the cohomology class ^. 

In the special case ^ = the set Cg is empty and R = R^. The above 

statement then reduces to the following well-known theorem of C. Conley 

(see H] and [5l], Theorem 3.14): 

Theorem 6. (C. Conley) Let V be a smooth vector field on a smooth closed 
manifold M . Denote by ^ : M xM. ^ M the flow generated by V and by R 
the chain recurrent set of^. Then there exists a smooth Lyapunov function 
L : M ^R for ($, R). This means that V{L) < on M - R and dL = 
pointwise on R. 

A proof of Theorem [5] can be found in [20] . 

We also refer to |19j where continuous Lyapunov 1-forms are studied. The 
paper [19] also contains a discussion comparing the results about the ex- 
istence of Lyapunov 1-forms with the theorems of D. Fried [27] about the 
existence of cross sections for flows. 

Finally we describe a class of examples of flows for which there exists a 
cohomology class ^ satisfying all the conditions of Theorem [5l 
Let M be a closed smooth manifold with a smooth vector field v. Let 
^ : M X M — 5- M be the flow of v. Assume that the chain recurrent set R{^) 
is a union of two disjoint closed sets i?(^) = -Ri U i?2j where RiCi R2 = 0. 
Out of this data we construct a flow <I> on 

X = M X S^ 
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such that i?^($) = RiX S°,C^ = R2X S^. Here S, G H^iX; Z) denotes the 
de Rham cohomology class of the 1-form —dO where E [0, 2tt] denotes the 
angle coordinate on the circle S"^; S^ d S^ is a two-point set. 
We will need two vector fields wi and W2 on S^,wi = cos{9) ■ ^ and W2 = -§q- 
The field w\ has two zeros {^1,^2} = S^ (Z S^ corresponding to the angles 
e = 7r/2 and 9 = 37r/2. 

Let fi'.M^f [0, 1], where i = 1,2, be two smooth functions having disjoint 
supports and satisfying /i|^^ = 1, /al^j^ = 1. 

Consider the flow <I> : X x M — > X determined by the vector field 

V = V + flWl + f2W2- 

Any trajectory of V has the form (7(t), 0{t)), where 7(t) = v{'y{t)), i.e., 7(t) 
is a trajectory of v. It follows that the chain recurrent set of V is contained 
in -R(^) X S^. Over i?i we have the vertical vector field wi along the circle 
which has two points S^ C S^ as its chain recurrent set. Over R2 we have 
the vertical vector field W2 which has all of S^ as the chain recurrent set. 
We see that i?i x 5° = R^{^), R2 x S^ = C^. Hence 

C\r, = 

and Cg is closed. One easily checks that condition (HI) of Theorem [5] (and 

hence the other conditions as well) is satisfied. 

Further examples can be found in §7 of |19j . 

An approach to study dynamical systems using cocycles instead of Lyapunov 

closed 1-forms was suggested by H. Fan and J. Jost [9], [TO]. 



5. Notions of category with respect to a cohomology class 

In this section we describe several generalizations of the classical notion 
of Lusternik - Schnirelmann category which reflect interesting dynamical 
properties of flows on manifolds. These new notions depend on a choice of 
a cohomology class ^ £ H^{X; M) and are all equal to the classical invariant 
cat(X) in the case ^ = 0. 

5.1. Movable subsets. First we define the notion of movability of a subset 
with respect to a closed one-form. 

Definition 6. Let w be a closed one-form on a topological space X. A subset 
A G X is called A^-movable with respect to uj (where N is an integer), if 
there is a homotopy H : A x [0,1] ^ X such that H(a, 0) = a for all a a A, 
and 

Hi{a) 

UJ < -N 

a 

for all a G A. 
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Note that the latter inequlaity 

Below we shall think of the form oj being fixed and of integer A^ being 
large, or tending to infinity. This may happen only in the case when the 
cohomology class ^ = [w] € H^{X;M) is nonzero. Indeed, it is clear that 
in the case of an exact form uj = df, a nonempty subset A C X can be 
A^-movable with respect for to only for A^ < max/ — min/. 

Any subset A C X such that the inclusion A ^> X is null-homotopic is A^- 
movable with respect to any closed 1-forms uj assuming that the cohomology 
class ^ = [w] 7^ £ H^i^X-jW) is nonzero. 

As another example consider the following situation. Assume that X is a 
closed smooth manifold and a; is a smooth closed one- form on X. If u; has 
no zeros then any subset ^ C X is A^-movable with respect to uj for any 
integer A^. In this case a homotopy H : Ax I ^ X is given by the gradient 
fiow (appropriately scaled) of uj with respect to a Riemannian metric on X. 
In general there are topological obstructions to movability of subsets which 
are captured by topological invariants of Lusternik - Schnirelmann type 
described below. 

5.2. Various notions of category. Here is the first version of the notion 
of a category cat(X, ^) with respect to a cohomology class. The definition 
given below is equivalent to the original definition of [15j, see |17j. 

Definition 7. Let X be a finite CW-complex and S. G H'^{X;R). Fix a 
closed 1-form uj representing ^. Then the number 

cat(X,^) 

is defined the minimal integer k such that for every N > there exists a 
closed subset A C X which is X-movable with respect to uj and such that 
catxiX - A) < k. 

Recall that for A C X, catx(^) is the minimal integer k such that A can 
be covered by k open subsets of X each of which is null-homotopic in X. 
Note that the number cat(X, ^) does not depend on the choice of a closed 
one-form uj and may depend only on the cohomology class S, = [uj] € 
H^{X,;M.). Indeed, if uj' is another closed 1-form lying in the same coho- 
mology ^ = [uj'] then uj' = uj + df for some continuous function f : X ^ M. 
Then for any path 7 : [a, 6] — > AT one has 

u;' = y^ + /(7(6))-/(7(a)). 

Since X is compact we see that there exists a constant C > such that for 
all paths 7 in X one has 



uj' — I UJ 



7 



<c. 
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Hence any subset A C X which is A^-movable with respect to to is {N — C)- 
movable with respect to oj' . 
It may happen that 

cat(X,^) /cat(X, -^), 

see Example 10.10 in [18]. Therefore it makes sense to introduce (as was 
suggested first in [60]) a symmetric version cats(X, ^) of cat(X, ^) which suit 
better dynamics applications: 

Definition 8. Let X be a finite CW-complex and ^ G i:f^(X;M). Fix a 
closed 1-form u) representing ^. Then the number 

cats(X,^) 

is defined the minimal integer k such that for every A^ > there exists a 
closed subset A (Z X which is A^-movable with respect to both uj and —lo 
and such that catx(-'^ — A) <k. 

Clearly, one has 

cats(X, ^) = cats(X, — ^) > max{cat(X, ^),cat(X, — ^)}. 

Reversing the quantifiers in Definition [7] gives a slightly different notion 
cat^(X, ^) which was initially introduced in [17j : 

Definition 9. Let X be a finite CW-complex and ^ € H'^{X]W). Fix a 
closed 1-form lo representing ^. Then the number cat^(X, ^) is defined as the 
minimal integer k such that there exists a closed subset A <Z X, which is N- 
movable with respect to lo for every X > 0, and such that catx(X — A) < k. 

The invariant cat^(X, ^) also has a symmetric modification ca.tl{X,£^). The 
latter is defined similarly to cat^(X, ^) with the only difference that in Def- 
inition [9] one requires that the closed subset A C X is A^-movable with 
respect to both one- form co and —lo. 
Yet another invariant similar in spirit is given by the following definition: 

Definition 10. Let X be a finite CW-complex and ^ G H'^{X;R). Fix a 
closed 1-form lo representing ^. Then Cat(X, .^) is defined as the minimal 
integer k such that there exists an open subset U C X satisfying 

(a) catx{X -U) < k; 

(b) for some homotopy h : U x [0, oo) ^ X one has 

ht{x) 



rrit(x) 

h{x,0) =x and lim / oo = — oo 



for any point x G U; 

(c) the limit in (b) is uniform in x G [/. 

The symbol / a; denotes the integral / lo where the path -y : [0,t] —>■ X 
is given by j{t) = hr{x). 
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Remark 1. The definition of Cat(X, ^) given above differs from the original 
definition suggested in |16j : the latter was symmetric and stronger in some 
examples. 

Independence of cat^(X, ^) and Cat(X, ^) of the choice of closed one-form 
LU with [uj] = ^ follows similarly to the argument given above for the case of 
cat(X,^). 

The role the invariants cat(X, ^), cat^(X, ^) and Cat(X, ^) play in dynamics 
will be discussed in the following sections. 

Lemma 9. In the case of the trivial cohomology class ^ = E H^{X;M.) 
the numbers 

cat(X,^) = cat^(X,0 = Cat(X,e) = cat(X) 

coincide with the classical Lusternik - Schnirelniann category cat(X). 

Proof. We will give the proof for cat(X, ,^). If ^ = we may take a; = 
and hence any subset A C X which is A^-movable with respect to uj is 
empty assuming that A^ > 0. Hence we obtain that cat(X, ^) = catx(^) = 
cat(X). D 

Example 1. Suppose that p : X ^ S^ is a locally trivial fibration and 
^ = p*{r]) where r] € H^{S^;R), r] ^ 0. Then 

(30) cat(X,^) = cat^(X,0 = Cat(X,0 = 

(see [E]). Note that cat(X) can be arbitrarily large in this example. Hence 
the new "cats" are not always equal the classical cat(X). 

Comparing the definitions one trivially has 

(31) cat(X,0 < cati(X,0 < Cat(X,e). 

We will show later that cat(X, ^) may be significantly smaller than cat^(X, ^). 
At the moment we do not have examples when cat"'^(X, ^) < Cat(X, ,^) but 
we believe that such examples exist. 

Lemma 10. Suppose that S, y^ and X is connected. Then 

(32) Cat(X,^) <cat(X)-l. 



The proof of this Lemma can be found in [18] . 

As another example consider a bouquet X = Y M S^, where y is a finite 
polyhedron, and assume that the class ^ € H'^{X,M) satisfies S,\y = and 
^\gi 7^ 0. One can show (see [18J) that then 

cat(X,^) = cat(y) - 1. 
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5.3. Homotopy invariance. 

Proposition 11. Let f : Y ^> X be a homotopy equivalence between finite 
connected CW- complexes, and S, G H^{X;W). Then 

cat(X,0 = cat{Y,rO- 
This statement remains true if one replaces cat by cat^ or Cat. 

Proof. Let w be a closed 1-form on X representing ^. Let g : X ^ Y and 
K : X X [0,1] ^ X satisfy K : idx — fg- Because of compactness of X, 
there exists a constant C > sucli that 



UJ 



< c 



for all X € X, where ax{t) = K{x,t). Assume that a subset ^ C y is 
{N + C)-movable with respect to the closed one-form uj' = f*uj on Y. Let 
H : Ax[0,l] ^ y be a homotopy such that H{a, 0) = a and / uj' > N + C 

for all a G ^ where 7a(t) = H{a,l - t). Then the set g~^iA) C X is 
A^-movable with respect to to. Indeed, one may define a homotopy ht : 
g-\A) ^Xhy 

K{x, 2t) for < t < 1/2, 



ht{x) - ^ f(^H{g{x),2t - 1)) for 1/2 < t < 1. 
and for x G g^'^{A) one has Jg uj > N where Pxi^) = hi-t{x). 

If cat(y, f*^) < k then for any N there exists a closed subset A CY which is 
{N + C)-movable with respect to uj' = f*uj and such that caty (y — ^) < A:. 
Then g~^{A) C X is A^-movable with respect to uj and, as is well-known, 
one has catx(-'^ — g~^{A)) < k. This proves that cat(X, ^) < cat(y, f*^). 
The inverse inequality follows similarly if gf ~ idy. The arguments for 
cat^(X, ^) and Cat(X, ^) are similar. D 

5.4. Spaces of category zero. Here we collect some simple observations 
about spaces of category zero. More information can be found in [60], §3. 

Lemma 12. Let X be a finite CW complex and ^ G H^{X; M). The follow- 
ing properties are equivalent: 

(a) cat(X,^) = 0. 

(b) cati(X,0 =0. 

(c) Cat(X,e) = 0. 

(d) There exists a continuous closed 1-form uj on X representing S, (in the 
sense of subsection \3.3\) and a homotopy ht : X ^> X , where t G [0, 1], such 
that for any point x € X one has 

rhi{x) 
(33) / a; < 0. 

J X 

In f33j] the integral is calculated along the curve t ^-> ht{x), i G [0, 1]. 
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(e) For any continuous closed 1-form uj on X representing S, there exists a 
homotopy ht : X ^ X , where t G [0, 1], such that for any point x (z X 
inequality ^33\) holds. 



Proof. By Definition [3 cat(X, ^) = means that the whole space X is 
A'^-movable for any A^ > 0, i.e. given A^ > 0, there exists a homotopy 
Ht : X —y X , where t € [0, 1], such that Hq{x) = x and 

t-Hiix) 

(34) / UJ <-N 



for any x ^ X. Hence, (a) implies (d). 

Conversely, given property (d), using compactness of X we find e > such 
that ([33]) can be replaced by f^^^^' oj < —e. Now, one may iterate this 
deformation as follows. The k-th. iteration is a homotopy HJ^ : X —i- X, 
where t G [0,1], defined as follows. Denote by h^ : X ^ X the i-fold 
composition h^ = hi o hi o ■ ■ ■ o hi {i times). Then for t G [i/fc, (i + \)/k] 
one has 

(35) H^{x) = hu-,{hf{x)). 

If for any x € X one has J lo < —e then for the k-th iteration we 

obtain j^ '^^ ' uj < —ke and (d) follows assuming that k > N/e. This shows 
equivalence between (a) and (d). 

(e) =^ (d) is obvious. Now suppose that (d) holds for uj and let uJi be 
another continuous closed one-form lying in the same cohomology class, i.e. 
LOi = UJ + df where / : X ^ M is continuous. Using compactness of X 
we may find C such that for any path 7 : [0, 1] -^ X one has \ J df\ < C . 
Fix N > C and apply equivalence between (a) and (c) to find a homotopy 
hf.X^X with J^^^''^ UJ < -N. Then one has J^^^''^ uJi < 0, i.e. (e) holds. 

It is obvious that (b) =^ (a). Hence we are left to show that (a) implies 
(b). Given (b) fix a deformation as described in (c). Let C > be such 

that for any x € X and for any t E [0, 1] one has Jj^ w < C. Then for 

any iteration H^ : X ^ X (see above) one has J * uj < C and the result 
follows. D 

In the case when X is a closed smooth manifold a deformation as appearing 
in (b) can be constructed as the fiow generated by a vector field u on X 
satisfying uj{v) < 0. 

The remark of the previous paragraph explains why the following statement 
can be viewed as an analogue of the classical Euler - Poincare theorem: 

Theorem 7. cat(X, ^) = implies x{^) = 0- 

Proof. Suppose that cat(X, ^) = 0. Then ^ 7^ 0, i.e. the rank r of class S, is 
positive, r > 0. By Lemma [20] below there exists ^-transcendental bundle 
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L € V^ = (C*)*^. If H'^{X; L) ^ for some q then one may apply Theorem[T9l 
below with k = obtaining cat(X, ^) > and contradicting our hypothesis. 
Hence H'^{X; L) = for all q which implies 



X 



{X) ="^{-lf dim H'^{X;L) = 0. 



D 



Pairs (X,^) with cat(X, ^) = form an "ideal" in the following sense: 

Lemma 13. Let Xi and X2 be finite cell complexes and ^1 G H^{Xi-W), 
C2 e H\X2;R). If caX{Xi,ii) = then cat(Xi x Xa,^ = where i = 
Ci X 1 + 1x6 ^H^Xi xX2;M). 

Proof. The statement follows directly by applying the definitions. D 

6. Focusing effect 

In this section we start surveying applications of the invariant cat(X, ^) in 
dynamics. We describe the focusing effect discovered in [H], see also [TS] . 
The nature of the Lusternik-Schnirelmann type theory for closed 1-forms is 
very much distinct from both the classical Lusternik-Schnirelmann theory 
for functions and from the Novikov theory. As we know, in any nonzero 
cohomology class ^ G H^{M; Z), ^ 7^ 0, one may always find a representing 
closed 1-form having at most one (highly degenerate) zero. Hence, quanti- 
tative estimates on the number of zeros may be obtained only under some 
additional assumptions. It turns out that these additional assumptions can 
be expressed in terms of some interesting dynamical properties of gradient- 
like vector fields for a given closed 1-form. This makes the new theory 
potentially very useful for dynamics. 

Let 7; be a smooth vector field on a closed smooth manifold M. Recall that 
a honioclinic orbit of v is defined as an integral trajectory 7(t), 

7(t) = f (7(t)), t G M 
such that both limits limi_^+oo lit) and limt^_oo 7(0 exist and are equal 

lim 7(t) = lim -f{t). 

t— »+oo t— »— 00 

More generally, a honioclinic cycle of length n is a sequence of integral tra- 
jectories 7i(t), 72(i), • • • )7n(i) of V such that 

lim ji{t)=pi+i= lim 7i+i(t) 

t— >+oo i— »— 00 

for i = 1, . . . , n — 1 and 

lim 7„(t)=pi= lim 71 (t). 
t^+00 t— >— 00 

Homoclinic orbits were discovered by H. Poincare and were studied by S. 
Smale. In the mathematical literature there are many results about existence 
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Figure 3. Homoclinic orbit (left) and homoclinic cycle (right). 

of homoclinic orbits in Hamiltonian systems. For obvious reasons homoclinic 
orbits cannot exist in gradient systems for functions corresponding to the 
classical Lusternik-Schnirelmann theory. 

One of the main theorems of this section (Theorem [U originally established 
in [15] ) states that any smooth closed 1-form a; on a smooth closed manifold 
X must have at least cat(X, ^) geometrically distinct zeros (where ^ = [a;] G 
H^{X\M.) denotes the cohomology class of uj) assuming that oj admits a 
gradient-like vector field with no homoclinic cycles. 

Viewed differently, the main result of the section claims that any gradient- 
like vector field of a closed 1-form u) has a homoclinic cycle if the number of 
zeros of oj is less than cat(M, ^). 

Definition 11. Let M be a smooth closed manifold and let a; be a smooth 
closed 1-form on M with the set of zeros 

We say that a smooth vector field t; on M is a gradient-like vector field for 
Lij if a; is a Lyapunov 1-form for the pair ($, Y^) where ^ is the flow on M 
generated by the field —v, see Definition [5l 

Note that this implies that 

(36) oj{v) > 

on M — 1^ and Y^ is invariant with respect to the flow generated by v. 
In the special case when the set of zeros Y^ is finite, a vector field t; is a 
gradient-like vector field for u) iff the sets of zeros of uj and of v coincide and 
the inequality ([36j) holds on M — 1^ . 



Theorem 8 (Farber |T5]). Let lo he a smooth closed 1-form on a closed 
smooth manifold M . If ui admits a gradient-like vector field v with no ho- 
moclinic cycles then oj has at least cat(M, [u)]) geometrically distinct zeros. 

Here [uj] S //^(Af;M) denotes the cohomology class of uj. 
Next we give a reformulation of the above theorem: 
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Theorem 9. // the number of zeros of a smooth closed 1-form uj is less than 
cat(M, [uj]), then any gradient-like vector field v forco has a homoclinic cycle. 

Note that the definition of gradient-like vector field in this paper is slightly 

more general than the one used in [15], |18j . 

A slightly more informative statement was proven in [18j : 



Theorem 10 (Farber [18j, Theorem 10.16). Letuj be a smooth closed 1-form 
on a closed manifold M having less than cat(M, ^) zeros, where ^ = [co] € 
H^{M;W). Then there exists an integer N > such that any gradient-like 
vector field v for lv has a homoclinic cycle 71, . . . ,7„ satisfying 

n „ 

(37) ^ UJ <N. 

One may combine these results with Theorem H] which guarantees existence 
of closed 1-forms with at most one zero in any nonzero integral cohomology 
class. This shows that there always exist homoclinic cycles which cannot be 
destroyed while perturbing the gradient-like vector field! 

This "focusing effect" starts when the number of zeros of a closed 1-form 
becomes less than the number cat(M, ^). It is a new phenomenon, not 
occurring in Novikov theory. Indeed, if we assume that the zeros of to are all 
Morse type, then (by the Kupka-Smale Theorem [57]) it is always possible 
to find a gradient-like vector field v for uj such that any integral trajectory 
connecting two zeros comes out of a zero with higher Morse index and goes 
into a zero with lower Morse index; such a vector field v has no homoclinic 
cycles. 

As an illustration we will state here the following result which is a conse- 
quence of Theorem [9] and depends on a calculation of cat(X, ^) in the case 
when X is a product of surfaces, see Theorem 1251 below. 

Theorem 11. Let M denote the product Si x S2 x • • • x S^ where each 
Ej is a closed orientable surface of genus gi > 1. For a cohomology class 
6. = [uj] £ H^{X;M.) we denote by r{S,) the number of indices i E {1, . . . , fc} 
such that ^|Sj = 0. Let uj be a smooth closed 1-form on M lying in the 
cohomology class S, and having at most 2r(^) zeros. Then any gradient-like 
vector field for uj has a homoclinic cycle. 

Theorem [9] was generalized by J. Latschev |31j who studied a more general 
case of closed 1-forms having infinitely many zeros. The result of Latschev 
gives a "comparison" between the topology of the set of zeros of uj and 
the invariant cat(M, [uj]). We prove below in ij8]of this paper the following 
strengthening of the main Theorem of [31] and of Theorem [10) 



36 MICHAEL FARBER AND DIRK SCHUTZ 

Theorem 12. Let to be a smooth closed 1-form on a smooth closed manifold 
M. Assume that the set of zeros y = {» G M;ujp = 0} adm,its a neighbour- 
hood Y <zU d M such that uj\U is exac^ and Y has finitely many connected 
components Yi, . . . ,Yk which satisfy 

k 

(38) Y^ cat M{Y^) < cat(M, [cu]) 

i=l 

where [co] £ H^{M;'K) denotes the cohomology class ofuj. Then there exists 
an integer N > such that for any gradient-like vector field v for uj there 
exists a finite chain of orbits 

71,..., 7^, 7^+1 =71 

lying in AI — Y (with I < £ < k) and labels 1 < i{j) < k such that 

(39) f]lj{[t,+oo))cYi^j) and fj 7j+i((-oo, t]) C Y^q), 

for all 1 < j < i and additionally one has 

(40) Y Lu < N. 

In other words, if the set of zeros of a closed 1-form tu is "small" in some 
sense, i.e. it satisfies the inequality ([38j) . then any gradient-like vector field 
V for CO has a generalized homoclinic cycle making at most A^ full twists with 
respect to co. 

Note that conditions (|39p describe a generalization of the notion of homo- 
clinic cycle. Indeed, (j39p intuitively means that the j'-th trajectory jj "ends" 
at the same connected component li(j) of Y from which the next {i -\- l)-th 
trajectory 7j_|_i "originates" . Such sequence of trajectories 71, . . . , 7^ will be 
called a generalized homoclinic cycle. 

Theorem 1121 reduces to Theorem [8] under an additional assumption that the 
set Y is finite. 

The proof of Theorem [12] is postponed to section ^ in the following section 
we prove a theorem which is used in ^ 

7. Existence of flow-convex neighborhoods 

In this section we study some auxiliary problem which will be used in the 
proof of Theorems [12] and Theorem [14] and is also of independent inter- 
est. The results of this section are typical for the Conley theory of isolated 
invariant sets. We follow here the paper |17j . 



This condition is automatically satisfied if either the cohomology class [lu] is integral 
or Y is an ENR, see Lammas (6] [7| 
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Figure 4. Generalized homoclinic cycle. 

Consider a smooth vector field w on a closed smooth manifold M. Let 
$ : M X R ^ M be the flow of v. We will write <I>(x, t) as x- 1, where x € M 
and i G M. The symbol R denotes the chain recurrent set of $. 

Theorem 13 (Farber - Kappeler [iTj). Let Z be a connected component of R 
which is isolated in R, i. e. such that there exists a neighborhood Z dU with 
U nR = Z. Let W d M be a neighborhood of Z . Then there exists an open 
neighborhood B of Z , contained in W , with the following two properties: 

(A) For any x € M , the open set 

J^ = {t; x • t G 5} C M 
is convex (i.e. it is either empty or an interval); 

(B) Let A be the set of points x ^ M such that the interval Jx is nonempty 
and bounded below. Then the function 



A ^ M, X I— > inf Jx, 



is continuous. 



A neighborhood B oi Z having properties (A) and (B) is called convex with 

respect to the flow <I>. 

Theorem 1131 could be compared to Lemma B.l in Appendix B of |15j . 

By Conley's theorem [U [5], there exists a smooth Lyapunov function L : 

M ^f M. for the flow; see also [2D], Proposition 2, where the proof of the 

smooth version of Conley's theorem is given. The Lyapunov function L 

satisfies: V{L) < on the complement M — R oi R and the differential dL 

vanishes on R. 

Fix a point x ^ M — R and consider its orbit x{t) = x ■ t. The function 

1 1— > L(x • t) is strictly decreasing. Hence, as t tends to +oo the limit 

(41) i{x) = lim L{x ■ t) 

exists and is finite. If x € i? then the function t h-> L{x ■ t) is constant. 
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L=c 



For any x € M the number i{x) is a critical value of L. Indeed, the ti;-limit 
set io{x) is contained in the level set L~^{£{x)) and, on the other hand, uj{x) 
is a part of the chain recurrent set R which is the set of critical points of L. 

Lemma 14. The function £ : M — > M is upper semi- continuous: if Xn — > 
X € M then 

(42) ^(x) >limsup^(x„). 

Proof. Given any e > there exists T > such that < L{x ■ T) — i{x) < e. 
Since L is continuous and the map x ^^ x ■ T \s continuous, there exists a 
neighborhood U <Z M oi x such that \L{y ■ T) — L{x ■T)\ < e for any y ^U . 
Hence for all y G C/ one has 

l{y) < L{y ■T)<L{x-T) + e< i{x) + 2e. 

Hence, ({y) < £{x). D 

The function L : M ^ M restricted to Z is constant. Indeed, L(Z) C M 
must be connected (as the image of a connected set) and it has measure zero 
by Sard's theorem. Hence it is a single point. Denote c = L{Z). 
Let Z C W he an open neighborhood. As Z is supposed to be isolated in 
R, we may assume (without loss of generality) that W Ci R = Z. 
Fix e > and denote by A^{e) the set of all points x G M with the proper- 
ties: (a) L{x) = c + e; (b) io{x) C Z. Note that (b) implies that £{x) = c. 

Lemma 15. For any sufficiently small e > the set ^+(e) is contained in 
the neighborhood W . 

Proof. Assuming the contrary, there exists a convergent sequence x„ € M — 
W such that L[xn) — > c and L{xn) > c, i{xn) = c and w(x„) C Z, where 
cj(x) denotes the w-limit set of the trajectory x-t. If xq = limx„ £ M is the 
limit of x„ then (using (^2]) ) one has i{xo) > c. On the other hand, L{xo) = c 
and hence i{xo) = c. We obtain that xq belongs to the set L~^{c) fl (i? — Z). 
In other words, it lies in a connected component of R distinct from Z. 

Fix a Riemannian metric on M. Denote by d > the distance between Z 
and R — Z. Denote by -fC > a constant such that the norm of the vector 
V is less than K at every point of M. Such K exists since M is compact. 
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Fix some 5 > such that 6 < d/2. The function V{L) : M ^ M restricted 
to the complement of the (5-neighborhood of R is negative and moreover can 
be estimated from above V{L) < —r] for some positive ij = rjs > 0. Now, we 
may find a large n such that 

and Xn lies in the (5-neighborhood of i? — Z. The trajectory x„ • t approaches 
Z for large t. The length of the trajectory is given by 

\±{t)\dt= / \V{x{t)\dt < K\t2-ti\. 

One concludes that the time t„ the trajectory x„ • t for t > spends in the 
complement of the ^-neighborhood of R can be estimated by 

d-25 
" - K 
Therefore, for large t > one has 

LiXn ■ t) - L{Xn) = I V{L){Xn ' t)dt < -7/ • r„ < - "^^ ^^ ' 

These inequalities show (since L{xn) tends to c) that for large t one has 
L{xn ■ t) < c contradicting the assumption i.{xn) = c. D 

Remark 2. Define A-{e) as the set of all points x G M with L{x) = c — e 
and a{x) C Z where a{x) denotes the a-limit set of the trajectory x ■ t. 
Applying the above arguments to the time reversed flow one obtains that 
for any neighborhood W of Z the set A-(e) is contained in W for any 
sufficiently small e > 0. 

The arguments of the proof could be summarized as follows: the point Xn 
is very close to a component Z' of R lying in L~^{c) and distinct from Z. 
The trajectory starting at x„ cannot approach Z since while it passes the 
distance separating Z and Z' it descends with respect to L so that the point 
Xn • t slips below the level c. 

Lemma 16. For any sufficiently small e > the set A^(e) is closed. 

Proof. Let VF be a neighborhood of Z with WCiR = Z and let e > be such 
that ^+(e) C W. Assume that a sequence Xn € ^+(e) converges to a point 
xq. Then, for any t > the point x„ • t lies in W. Hence we obtain that for 
any t > the point xq • t lies in W. It follows that uj(xo) C W (1 R = Z. 
Hence, xq is an element of yl-|_(e). D 

Lemma 17. Let W be an open neighborhood of Z such that WOR = Z. Let 
e > be such that A^{e') is contained in W for any < e' < e. Then there 
exists an open neighborhood U+{e) of the set ^+(e) in the level set L^^(c+e) 
and an open neighborhood Uq of Z in L^^{c) with the following properties: 
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L=c+s 



(1) If X (z U+{e) — ^+(e) then for some t^ > the point x ■ Tx lies in 
Uo-Z. 

(2) The mapping x >-^ x ■ Tx is a homeomorphism of {7+(e) — ^+(e) — > 
Uo-Z. 

(3) For any < t < r^, the point x ■ t lies in W . 

(4) The number Tx depends continuously on x ^ U+{e) — A^{e) and it 
tends to +oo as x £ U+{e) — A^{e) approaches ^+(e). 

Proof. If L{y) = c + e and y is close enough to the set A+{€) then for t > 
the orbit y ■ t does not leave W before it leaves the set L > c. Indeed, if this 
claim is false then there exists a sequence of points yn (z M and a sequence 
of numbers tn > such that L{yn) = c + e, yn ^ x £ Aj^{e)., L{yn ■ tn) > c, 
and yn ' tn ^ W. Fix a Riemannian metric on M. Let i^ > be such that 
the length of the vector V{x) is less or equal than K at every point x € M. 
Choose a small neighborhood G of Z such that its closure is contained in 
W. Let d > be the distance between G and M — W. The function V{L) 
satisfies in W — G the inequality V{L) < —r] for some 77 > 0. Now, let 
G' C G be a neighborhood of Z such that 

L(G')c(-oo,c + 7?.|). 

As X belongs to vl+(e) there exists t' > with a; • t' G G' . Then for n large 
enough yn ■ t' G G' . Arguing as in the proof of Lemma [151 one obtains that 
the point y„ • t cannot reach M — W before it leaves the domain L > c. 
Similarly we observe: if L{y) = c where y € W — Z is sufficiently close 
to Z then the trajectory y ■ t for some t < reaches the level L = c + e 
without leaving W. Indeed, if this statement is false one finds a sequence 
yn & W — Z, L{yn) = c such that yn ^ x € Z and for some tn < 0, 
yn • tn G dW, L{yn • tn) < c + e. We may assume that the sequence yn ■ tn 
converges to a point z € dW . If (.{z) > c the forward trajectory z ■ t where 
t > crosses the level surface L = c at a point which is not in Z and 
the trajectory y„ • t must cross this level at a nearby point as n ^ 00, a 
contradiction. Hence we have to consider only the case l{z) = c which leaves 
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two possibilities: either uj{z) is contained in a connected component of R 
distinct from Z which also lies on the level surface L = c, or uj{z) C Z. The 
first possibility leads to a contradiction, arguing as in the proof of Lemma 
[TSl The second possibility means that z belongs to A+{e') where < e' < e. 
This is a contradiction since we assume that A^{e') is contained in the open 
set W. 

Let Uq be the union of the set Z and the set of all points y € W H L~^(c) 
such that the trajectory y-t for t < reaches the set Wr\L^^{c + e) without 
leaving W. 

Let C/+(e) be the union of ^+(e) and the set of all y G VF n L^^{c + e) such 
that the trajectory y ■ t for t > reaches the level surface L~^{c) without 
leaving W. 

Uq is an open neighborhood of Z in L^^(c) and C^+(e) is an open neigh- 
borhood of A^{e) in L^^{c + e) as was shown above. It is then easy to see 
that the statements of Lemma [17] hold for Uq and C/+(e). Let us show, for 
example, that if x„ G U+{e) — A+{e) and x„ — > x G A+{e) then Tx„ tends to 
+00. If not one may pass to a subsequence such that the sequence Tx„ has 
a finite limit r. Then L{x ■ r) = lim L(x„ • Tx„) = c. Thus the trajectory x ■ t 
arrives in finite time at Z which is impossible since Z is flow-invariant and 
x^Z. D 

Here is an analog of Lemma [T7) 

Lemma 18. Let W be an open neighborhood of Z such that WnR = Z . Let 
e > 6e such that A-(e') is contained in W for any < e' < e. Then there 
exists an open neighborhood U-{e) of the set ^-(e) in the level set L^^{c — e) 
and an open neighborhood Uq of Z in L^^{c) with the following properties: 

(1) If X ^ U-{e) — A-{e) then for some Tx < the point x ■ Tx lies in 
Uo-Z. 

(2) The mapping x >-^ x ■ Tx is a homeomorphism 

U.{e) - A_{e) ^ Uo - Z. 

(3) For any Tx < t < the point x ■ t lies in W . 

(4) The number Tx depends continuously on x & U-{e) — A-[e) and it 
tends to —CO as x & U^{e) — A^{e) approaches A^[e). 

Proof. It is similar to the proof of Lemma [T71 D 

Proof of Theorem\13[ Let VF C M be an open neighborhood of Z. We may 
assume without loss of generality that WnR = Z. By Lemma [15] and 
Remark [2] we may find e > such that for any < e' < e the sets A^(e') 
and A-{e') are contained in W. 

Let C denote the set of all points x gW Ci L^^{c — e,c + e) such that there 
exist numbers t^; < < r^ with 

(43) L{x • i^:) = c + e, L{x ■ Tx) = c — e 
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and X ■ t is contained in W for any t E (tx, Tx)- Observe that if x G C then 
X ■ {tx,Tx) is contained in C. 
Define the set 

B = CUZU [j A±{e'). 

< e' < e 

We are going to show that it satisfies the requirements of Theorem [131 This 
set is open. Indeed, the terms in (|43]) are pairwise disjoint. The set C is 
clearly open. Any point of A±{e') (where < e' < e) has a neighborhood 
contained entirely in B (by Lemmas [17] and [T8|) . Similarly, any sufficiently 
small neighborhood G of a point x £ Z is contained in B: if y E G and 
-L(y) > c then the trajectory y ■ t for t > either approaches Z (in that 
case y lies in A^{e') for some < e' < e) or it hits the level surface L = c. 
In the second case the intersection point is very close to Z and hence by 
Lemmas [T7] and [18] the trajectory continues all the way till it reaches the 
level L = c — € without leaving W. 

Given x G M consider the set Jx = {t;x-t G B}. Let us assume that 
L(x) > c. Then there exist the following possibilities: 

(1) £{x) > c; then Jx = 0. 

(2) uj{x) C Jx)', then Jx is a half infinite interval (a, +oo). 

(3) £{x) = c and uj{x) n Z = 0; then Jx = 0. 

(4) i{x) < c; then Jx is either the empty set or a finite interval (a, b). 

In the case L{x) < c the arguments are similar. 

The continuity of x i— > inf Jx follows from the Implicit Function Theorem: 
the number inf J^, = t is the solution of the equation L{x -t) = c + e and the 
partial derivative of L{x ■ t) with respect to t is strictly negative. D 

8. Proof of Theorem [T2] 

The arguments are similar to those use in the proof of Theorem 4.1 of [15] . 

Suppose that Theorem [12] is false, i.e. for any A^ > there exists a gradient- 
like vector field v = vn for to having no generalized homoclinic cycles of 
integral trajectories 71, ... ,7^ satisfying ([39]) and (|10|) . Our goal is to show 
that then 

k 

(44) cat(M, M) < ^catM(:i^*), 

i.e. the inequality (f38|) is violated. Without loss of generality we may 
assume that the number of connected components k is finite since if A; = 00 
the inequality ([1^ is obviously true, as catM(^i) > 1 for any i. 
Fix a Riemannian metric on M. We will denote the flow M >i M. ^f M 
generated by —v hy t >-^ m ■ t, where m £ M and t G M. Since u){v) > on 
M — y, the integral j^ a; < is non-positive and non-increasing for i > 0. 
We start by proving the following Lemma: 
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Lemma 19. Assume that for an integer N > there exists a gradient- 
like vector field v for to having no generalized homoclinic cycles of integral 
trajectories 71, ... ,7^ satisfying fggj) and l4^ . Let Yi C Ui C M be an open 
neighbourhood ofYi, where i = 1, . . . ,k. Then there exists a family of smaller 
closed neighbourhoods Vi C Ui ofYi satisfying the following properties: 

(a) Each set Vi lifts to the covering space tt : M ^ M corresponding to 
the kernel of the homomorphism of periods 7ri(M) -^ M determined 
by the cohomology class ^ = [w] G H^{M;W). 

(b) The lift of Vi into M is flow convex (i.e. it satisfies properties (A) 
and (B) of Theorem Ii3|) with respect to the natural lift v of the flow 
V into M . 

(c) Let d-Vi denote the exit set ofVi, i.e. the set of all points p G Vi such 
that for all sufficiently small r > one has p ■ t ^ Vi. Then there 



exist no p £ d-Vi and t > such that p-t £ IntVi and f^uJ> 



-N. 



The intuitive meaning of property (c) is that it is impossible for a trajectory 

to leave Vi and then revisit Vi in time t > without making the quantity 

P Lo smaller than —N. 
jp 





Proof. Without loss of generality we may assume that the initial neighbour- 
hoods Ui satisfy properties (a) and (b) of Lemma [HI 

Let Vi C Ui he any closed neighborhood of Yi satisfying (b); then (a) is 
automatically satisfied. Denote by V and U the unions V = ViU ■ ■ ■ UVk, 
[/ = C/i U • • • U f/fc and d^V = d-Vi U • • • U d-Vk. We claim: 

(i) There exists a > such that for any p £ d-V and t > withp-t € V 
one has t > a. 

Indeed, as follows from the gradient convexity of the sets Ui, any trajectory 
p ■ t starting at p € S-F at t = leaves U before it can re-enter V . Hence, 
we may take a = min{/jUj~ ; i = 1, . . . , /c}, where /j > denotes the distance 
between Vi and M — Int C/j, and Vi = max \v{x)\ for x £ Ui — Int T^. 
Note that if we shrink the sets Vi, the number a > may only increase, 
assuming that Vi are sufficiently small. 
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(ii) There exists b > such that for any p £ d-V and t > with p-t G V 

one has 

f-p-t 

/ uj < -b. 
Jp 

Indeed, we may take b = a ■ nim{uj{v{x));x G U — V}. 

From (i) and (ii) it follows that: 

(iii) There exists an integer K > such that for any p G d-V the set 

fp-t 
I{p) = {t>0;p-teV and / uj > -N} 

Jp 

is a union of at most K disjoint intervals, i.e. 

k(p) 

i{p) = [j\(^s{p)Mp)l Hp)<k 

s=l 

and 

< as{p) < bs{p) < as+i{p). 

Indeed, the number of gaps between the intervals [as{p),bs{p)] is at most 

[N/b] as follows from (ii). 

For a point (7 G M we denote by 

(45) A{q) = fl (?-(-oo,t], Z{q) = f| q-[t,oo), 

the backward and forward limit sets of the trajectory passing through q. 

These sets are nonempty, compact, connected and flow- invariant. 

Now, suppose that we can never achieve (c) by shrinking the initially chosen 

neighbourhoods Vi D Yi. We want to show that then there exists a sequence 

of points qi, . . . ,q£ £ M and an injection j : {1, ■ ■ ■ ,i} -^ {1, . . . ,k} such 

that 

A{qi) C yj(i), Z{qi) C >"j(i+i) 

where i = 1, . . . ,i and j{i + 1) = j(l) and additionally the following in- 
equality is satisfied 

(46) ^ / uj>-N 

where the curve 7, : M ^ M is given by 7j(t) = qi -t for t G M which would 
contradict our assumptions. 

There exists an infinite sequence of points pn G d-V , where n = 1,2,..., 
and two sequences of real numbers t„ > and s„ < such that 

(1) the set Pn ■ [sn-, 0] is contained in a fixed connected component Vi dV 
and the distance d{pn ■ Sn,^j) tends to as n —>■ 00; 

(2) d{pn • tn,Yi) converges to as n —>■ cx); 
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45 



(3) one has 



Pn'tn 



(47) 



uj > -N. 



Pn 



Passing to a subsequence, we may assume that p„ converges to a point 
p (z d-Vi and the sequences Sn and tn have finite or infinite hmits, which 
we denote by s and t respectively. Because of property (iii), we may also 
assume that the number of intervals n{pn) = ^ is independent of n and the 
sequences as{pn) and bs{pn) have finite or infinite limits denoted by a^ and 
bs respectively for s = 1, . . . ,k. Moreover, for the same reasons, we may 
assume that as n — > oo the sequences 

Pn ■ as{pn) G y and pn ■ hs{pn) G y 

converge to points (?«, (?s G ^ correspondingly, where s = 1, . . . , k. 

It is easy to see that (1) and (2) imply that t = +oo and s = — oo. 

Note that A{p) C Yi. Indeed, by (1), one has p ■ (— oo, 0] C V, and therefore 

the set A{p) must be contained in the maximal invariant subsets Yi of Vi. 

s Clearly the points qs,q's he on the boundary of the same connected com- 



Pn-bs(Pn) 




Pn-as(Pn) 



ponent Vj^ of V where s <-^ js is a map {1, . . . , ac} — j- {1, . . . , fc} and j^ = i- 
The points Qs and q'g either lie on the same orbit of the flow or one has 



(48) 



Z(g,)cy,„ A{qi)cY,^ 



as follows from arguments mentioned above. We may ignore the first case 
since then we may simply relabel the points and apply the following obser- 
vations. The points q'^ and qs+i lie on the same orbit and hence we may 
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rewrite ()48p in the form 

(49) Z{qs)(lYj,, A{qs+i)cY^, 

where s = 1,...,k — 1. For the last point q^ we have 

Z{q^) C Yi and A{qi) = A{p) C Yi. 

Hence we obtaine a closed chain of integral trajectories - a generalized ho- 
moclinic cycle. Inequality (j46p follows from (j47p by passing to the limit and 
observing that the form lo\Vj is exact, i^\Vj = dfj where fj ^ M is smooth. 
Moreover the function fj is constant on Yj. Indeed, the image fj{Yj) C M is 
connected and has measure zero by Sard's theorem; hence fj(Yj) is a single 
point. These remarks imply that 

JrPn-bsiPn) rqs-T r-q'^ 

' LO = lim / LU + lim / lu 

for any s = 1, . . . ,k. 

This completes the proof of Lemma [191 D 

Proof of Theorem {TM Assume that under the condition of Theorem [12] there 
exist no generalized homoclinic cycles satisfying (I40p . Applying Lemma 
[T9] with neighbourhoods Wi such that catjvf (W^j) = cat(yj) we obtain a 
system of neighbourhoods Yi C Vi satisfying (a)-(c) of Lemma [19] and also 
catM(^i) = catM(yj) where i = 1, . . . ,k. 

Define sets i^i, . . . , F^ C M as follows. We say that p £ Fi if for some tp > 
the point p ■ tp belongs to the interior of Vi, and 

p-tp 

uj > -N. 
p 

It is clear that Fi is open. 

Let us show that Fi C M can be deformed into Vi C Fi. For any point p £ M 
let Jp C M denote the set Jp = {t > 0;p-t E Vi}. Because of our assumption 
about the gradient-convexity of neighborhood Vi, the set Jp is a union of 
disjoint closed intervals, and some of these intervals may degenerate to a 
point. Consider the first interval [op, (5p] G Jp. If this interval degenerates 
to a point (i.e., the trajectory through p touches Vj), then p does not belong 
to the set Fj, according to our assumption (c); see above. For the same 
reason, points of d^Vj do not belong to Fj. 

Assume now that p € Fj and p ^ Int Vi . Then the point p ■ t lies in the 
interior of Vj for ap <t < [ip. Also, we have 

p-ap 

uo > -N. 



p 
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The function (j)i : Fi ^f M, given by 

{0, for pGlnt^i, 
Up, for p ^ Fi-\niVi, 
is continuous since {d^Vi) n Fi = 0. One may now define a homotopy 
K-.F,^ M, hr{p) = p ■ {tMp)), P^Fi, re [0, 1]. 

Here /iq is the inclusion Fi ^ M and hi maps Fi into the interior of Vi. By 
Lemma 19.5 from [7] we obtain 

catMiFi) < catMiVi) = catM{Yi) 

and therefore 

k k 

(50) catM(|J F,) < J2 catM(i^*). 

Consider now the complement A = M — |Jj=i -^i- For any point p (^ A there 
exists tp > such that J^ ^ to = —N. It is clear that p i-^ tp is a continuous 
real valued function on A. One may define a homotopy 

hr-.A^A by /i^(p) =p-(rtp), rG[0,l]. 

Then for any x G A one has 

f/ll(x) 



w = -iV 
i.e. the closed set A is A^-movable with respect to lo and 

k 

catM{M -A)< ^catAf(l'i)- 
According to Definition [7] we obtain that 

k 

cat(M, [lo]) < ^catM(li) 

4 = 1 

as claimed. This completes the proof. D 

9. Topology of the chain recurrent set R^ 
In this section we prove the following result from |17| . 

Theorem 14 (Farber - Kappeler). Consider a smooth flow <I> : M x M ^ M 

on a closed smooth manifold M. Let ^ E H^{M;M) he a cohomology class 

such that the following conditions are satisfied: 

(1) The chain recurrent set R^ is isolated in the full chain recurrent set R 

of^. 



48 MICHAEL FARBER AND DIRK SCHUTZ 

(2) The restriction 

(viewed as a Cech cohomology class) vanishes. 

(3) For any ^-invariant, positive Borel measure fi on M with fi{R) > fj,{R^), 
Schwartzman's asymptotic cycle A^ = A^{^) £ Hi{M;M) satisfies 

Then one has the following inequality 

r 

(51) ^catM{R\) > catJ(M,0, 

where Rl, . . . ,Rl denote the connected components^ of the chain recurrent 
set R^. 

A proof of Theorem [U] is given in section [TOl 

Let us compare Theorem 1141 with Theorem 6.6 of |16] . Theorem 1141 allows 
arbitrary sets R^ whereas Theorem 6.6 of [TU] assumes that R^ consists of 
finitely many isolated points. Another important advantage of Theorem 
[13] is that it does not require condition (*), see [16j . page 108; this condi- 
tion is difficult to check in concrete examples. On the other hand, since 
ca.tl{X,^) < Cat(X, ^), the estimate of Theorem 6.6 of [16] is potentially 
slightly sharper. 

Next we state some corollaries of Theorem [TH 

In the special case ^ = one has R^ = R and the assumptions (1), (2), (3) 
of Theorem [T3] are automatically satisfied. Hence we obtain the following 
result which presumably is well known but for which we failed to find a 
reference: 

Theorem 15. Consider a smooth flow on a closed smooth manifold M. Let 
R he the chain recurrent set of the flow. Then 

r 

(52) ^catA/(-R') > cat(M). 

i=\ 

Here R^, . . . , R^ denote the connected components of R. 

In the special case where the chain recurrent set R consists of finitely many 
points (the fixed points of the flow) Theorem 1151 says that the number of fixed 
points is at least the Lusternik - Schnirelman category of M. This is one of 
the fundamental results of the classical Lusternik - Schnirelman theory, see 

0- 



The number of connected components r of R^ can be infinite. In this case inequality 
(|14p is trivially satisfied as its LHS is infinite. 
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Consider another special case of Theorem [H] when R^ consists of finitely 
many points (they are the fixed points of the flow). Condition (2) of Theorem 
[Tllis automatically satisfied under these assumptions. We obtain: 

Theorem 16 (Farber - Kappeler). Consider a smooth flow on a closed 
smooth manifold M. Let ^ G H^{M;M) be a cohomology class such that the 
chain recurrent set i?g consists of finitely many points which are isolated in 
the full chain recurrent set R of the flow. Assume additionally that condition 
(3) of Theorem I4 is satisfied. Then the flow has at least cat](M, ^) fixed 



points. 

Here is a reformulation of Theorem [T6t 

Theorem 17 (Farber - Kappeler). Let S, € H^{M; M) be a cohomology class. 
Consider a flow ^ on M such that the chain recurrent set R^ consists of less 
than catl{M,S,) fixed points and such that condition (3) of Theorem^T^ is 
satisfied. Then at least one of the fixed points of the flow is not isolated in 
the full chain recurrent set R. 

Here is a typical application of Theorem [TBI 

Theorem 18 (Farber - Kappeler). Let ^ be a smooth flow on a closed 
smooth manifold such that the chain recurrent set R of ^ is a union of 
finitely many circles and isolated points. Let ^ £ H^{M;'R) be a cohomology 
class such that (^, z) <0 for the homology class z € Hi{M) of any periodic 
orbit. Then 

(53) Po+Pi + 2p2 > cat^(M,0, 

where po denotes the number of fixed points of the flow, pi denotes the num- 
ber of periodic orbits which are null-homotopic in M , and p2 denotes the 
number of periodic orbits which are homotopically nontrivial but their ho- 
mology classes z € Hi{M) satisfy {S,,z) = 0. 

Proof. In the special case of Theorem [18] condition (3) of Theorem [T3| is 
equivalent to the requirement that {(,, z) < for the homology class z £ 
Hi{M) of any periodic orbit. Under the assumptions of Theorem 1181 the 
set R^ is the union of the fixed points and of the periodic orbits satisfying 
(^,2:) =0. If C is a periodic orbit then the number catM(C') equals 1 
or 2 depending on whether C is or is not null-homotopic in M. These 
consideration show that Theorem 1181 follows from Theorem 1 14[ D 



As a side remark we point out that under the conditions of Theorem [T8| 

(54) P0+P1 + 2p2 + 2^2 > cat(M) 

as follows from Theorem [151 here q2 denotes the number of periodic orbits 
satisfying {C, z) 7^ 0. 
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10. Proof of Theorem [H] 

Consider a smooth flow <I>:MxM^M,$(x,t) = x-t and a real cohoniology 
class S, E //^(M;M) satisfying the conditions of Theorem 1 14[ 

If the chain recurrent set R^ has infinitely many connected components 
then the RHS of inequality (j5ip is infinite and so this inequality is obviously 
satisfied. Hence without loss of generality we may assume that the number 
of connected components of R^ is finite. 

Let R^ = i?l U i?? U • • • U i?t be the connected components of i?^. Fix 
mutually disjoint open neighborhoods Wi D Rl, where i = 1,2, ... ,r. We 
shall assume that Wi is so small that 



(55) catA/(VFj) = catAf (_R^), i = I, 



r. 



Compare [7], Lemmas 19.2 and 19.6. 

Applying Theorem [13] we may find an open neighborhood Bi C Wi of Rl 

which is convex with respect to the flow <1>. Clearly, 

(56) catAf (-Bj) = catM(-R^), i = l,...,r, 



as a consequence of ([551) . 

Let Ui be an open neighborhood of Rl such that the closure Ui is contained 

in Bi. We have the inclusions R"^ C Ui C Ui C Bi C Wi. 

Let A C M denote the set of points x £ M such that for any t € M the 
point X ■ t does not belong to the union U = U^^^C/j. The set A is closed 
and flow- invariant. 

Applying Theorem we find that there exists a smooth Lyapunov 1-form 
uj for the pair ($,i?^) lying in the cohomology class ^ = [w] € H^(M;W). 
This means that the function uj{V) : M — > M is negative on M — i?^ (where 
V denotes the vector field on M generating the flow $) and uj(y)\R = 0. 
Moreover, the restriction of uj on some open neighborhood of R^ is the dif- 
ferential of a smooth function (this is equivalent to condition (1) of Theorem 



Let us show that for any integer N the set A is A^-movable with respect 
to both CO and —oj. Since M — U is compact there exists e > such that 
io(y) < —e on M — U . Then for any x (z A one has 



x-t 

UJ < -et, for t > 0. 



X 



Hence a continuous homotopy ht : A ^>- M , t G [0, 1] defined by 

ht{x) = X ■ 



Nt 
e 
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satisfies the condition of Definition [6l Tliis sliows that A is A^-movable with 
respect to a;. In a similar way one shows that for any integer A^ the set A is 
A^-movable with respect to -co. 
Now the inequahty ()5ip follows once one shows that 

r 

(57) catM(M-^) < ^catM(-R^), 

see Definition [8l 

Let Fi C M denote the set of points x G M such that x ■ t belongs to Bi for 
some t € M. Then J^. = {t € M; x • t € i?j} is a nonempty open interval. For 
X G Fi define 

( 0, if e 4, 

Ti{x) = < infj*, if J^. C(0, oo), 
[ sup J^, if J^. C (—00,0). 
The function Tj : Fj ^ M is continuous as follows from Theorem [131 
The mapping x i— > x • Ti{x) is a deformation retraction Fi — > Bi and hence 

catMiFi) < catAf (-Bj) = catAf (-R^) 

in view of (1561). Here we use Lemma 19.5 from |7|. Since M — yl is contained 



in the union U^^^Fj one obtains 

r r 

catAi{M - ^) < ^ catA/(-Fj) < ^ catAf (i?|). 
This proves inequality (|57|) and hence completes the proof of Theorem UM 

11. COHOMOLOGICAL ESTIMATES FOR Cat(X, ^) 

The effectiveness of dynamical applications described in sections §^ - [TOl 
depend crucially on the ability to calculate, or to estimate from below, the 
quantity cat(X, ^) where X is a finite polyhedron and ^ G ii^"^(X;M) is 
a cohomology class. The situation here is quite similar to the classical 
Lusternik - Schnirelmann theory where cat(X) is most often computed by a 
combination of upper and lower bounds and the most popular lower bound 
for cat(X) uses the cohomological cup-length, see [7j. 

In this section we discuss results of this type for cat(X, ^) following our paper 
[Mj; some lower bounds for cat(X, ^) were obtained earlier in the papers [15] 
and [H]. We give in this section the main definitions, state principal results 
and illustrate them by several specific examples; however for complete proofs 
we refer the reader to our original papers [24J, [25j and [23] . 
Let X be a finite polyhedron and ^ € H^{X;]R). Denote by Ker(^) the 
kernel of the homomorphism 7ri(X) -^ M given by evaluation on ^. Then 
H = 7ri(X)/Ker(^) is a free abelian group of finite rank r where r denotes 
the rank of class ^. Consider the cover p : X ^ X corresponding to Ker(^). 
It has H as the group of covering translations. 
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Let V^ = (C*)'' = Hom(i^, C*) denote the variety of all complex flat line 
bundles L over X such that the induced flat line bundle p*L on X is trivial. 
If ti, . . . ,tr. G H is a basis, then the monodromy of L G V^ along ti is a 
nonzero complex number Xi G C* and the numbers xi,. . . ,Xr G C* form a 
coordinate system on V^. Given a flat line bundle L G V^ the monodromy 
representation of L is the ring homomorphism 

(58) MouL ■.C[H]^C 

sending each tj G -ff to Xj G C*. The dual bundle L* G V^ is such that L®L* 
is trivial; if xi, . . . , x,. G C* are coordinates of L then x^ , ■ ■ ■ , x^^ € C* are 
coordinates of L* . 

Any nontrivial element p G C[H] lying in the kernel of Mon^ can be viewed 
as a (Laurent) polynomial equation between the variables xi, . . . , x,.. Alter- 
natively, we will consider algebraic subvarieties V C V^. Any such V is the 
set of all solutions of a system of equations of the form 

QiyXl, • • • , Xr, X^ , . . . , X^ j ^ U, ? ^ i, . . . , 771 

where qi is a Laurent polynomial with complex coefficients 

Pi G ^[Xi^ • • • } •^r 5 •^i 5 * * * ! X^ J . 

This is equivalent to fixing an ideal J C QlH] and studying the set of all 
flat line bundles L G Vg such that Monj^(J) = 0. 

Definition 12. (1) We say that a bundle L G V^ is (^-algebraic if the mon- 
odromy homomorphism Mon^ : 7j[H] -^ C has nontrivial kernel. 

(2) We say that L (^ V^ is a ^-algebraic integer if the kernel of Mou/, : 
Z[i7] -^ C contains a nontrivial polynomial P G 7j[H] with ^-top coefficient 
1 (see below). 

(3) We say that L is ^-transcendental i/Mon^ : Z[if] -^ C is infective. 

Any nonzero P G IjIH] can be written as P = X^j^^ oiihi where Ui G Z, 
Ui ^ 0, hi & H and ^(/ii) < £.(^2) < ••• < Ci^k)- The nonzero integer 
Ofc G Z is called the ^-top coefficients of P. 

li ti, . . . ,tr G -ff is a basis and if Oj G C denotes the monodromy of L 
along ti, i.e. Oj = Moni(tj), then L is ^-algebraic iff there exist a nontrivial 
Laurent polynomial equation with integral coefficients q{ti, . . . ,tr) such that 
q{ai,...,ar) = 0. 

There exist countably many nonzero Laurent polynomials q with integral 
coefficients and for each such q the set of solutions q{ai, . . . ,ar) = is 
nowhere dense in V^. Since V^ = (C*)*" is homeomorphic to a complete 
metric space we obtain: 

Lemma 20. The set of all £, -transcendental bundles L ^ V^ is of Baire 
category 2. In particular, the set of ^.-transcendental L ^V(^ is dense in the 
variety V^. 
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Lemma 21. For any (^-transcendental flat line bundle L G V^ the dimen- 
sion of the vector space H'^{X;L) equals the q-dimensional Novikov - Betti 
number bq{(), 

dimH'i{X;L)=bg{0. 

Proof. The monodromy homomorphism Mon^ : ^[11] -^ C defines a left 
Z[i:f]-niodule structure C^ on C and by definition 

(59) H'^{X;L) = H''{}iom^H]{C,{X),CL)) 

wliere C*(X) is the cehular chain complex of the covering X ^ X corre- 
sponding to Ker(^). If L is transcendental then Mon^, gives a field extension 
Q{H) — > C where Q{H) is the field of fractions of Z[i7]. We obtain therefore 
(using finiteness of C^{X) over Z[H] and ([59]) ): 

H'^{X;L) ~ H^{Rom^[H]{C.{X);Q{H)))(g,Q^H)<CL 
^ H''{X;Q{H))(^q^H)Cl. 
This implies that for any transcendental L one has 

(60) dime H'^iX; L) = dimQ(H) H'i{X- Q{H)) 

and the right hand side. Finally we invoke Proposition 1.30 of [TH] which 
explains why the right hand side of (j60p equals the Novikov - Betti number 
6,(0. □ 

Theorem 19 (Farber - Schiitz, [24j). Let X he a finite cell complex and 
( € H^{X;M.). Let L ^ V^ be (-transcendental. Assume that there exist 
cohomology classes vq € H'^"{X; L) and Vi € H'^'{X; C) where i = 1, . . . , fe 
such that di > for i € {1, . . . , A;} and the cup-product 

(61) uo U ui U • • • U Ufe / G H*{X; L) 
is nontrivial. Then cat(X, ^ > k. 

Theorem [19] combines simplicity with remarkable efficiency. Below in this 
section we test this theorem in many specific examples. 

11.1. The notion of cup-length cl(X, 0. In view of Theorem 1191 we in- 
troduce the following notation. 

Let X be a finite cell complex and ( € H^{X; R). We denote by cl(X, () the 
maximal integer fc > such that Theorem 1191 could be applied to {X,(); if 
Theorem [19] is not applicable (i.e. if H*{X; L) = for any ^-transcendental 
L gV^, compare Lemma [2T]) we set 

cl(X,0 = -l. 
Hence, 

(62) cl(X,e) G {-1,0,1,...}. 

In other words, cl(X, ,^) > k where A; > iff there exists a ^-transcendental 
flat line bundle L £ V^ and there exist cohomology classes vq G H'^'^{X;L) 
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and Vi G H'^^{X; C) where i = 1, . . . ,k and dj > for i € {1, . . . , fe} such 
that the cup-product 

(63) VoUviU---Uvk ^0 eH*{X;L) 

is nontrivial. 

Note that for ^ = the number cl(X, ^) comcides with the usual cup-length 
cl(X); recall that the later is defined as the largest integer r such that there 
exist cohomology classes Ui G H^ [X; C) where i = 1, . . . , r of positive degree 
such that their cup-product Ui U • • • U n^ ^ € H*{X; L) is nontrivial. 

One can restate Theorem [19] as follows: 

Theorem 20. For any finite complex X and S, G H^{X]M.) one has 

cat(X,0 >cl(X,^) + l. 

The next useful Lemma suggests several different ways to characterize the 
number c\{X,S,)- This Lemma plays an important role in the sequel. 

Lemma 22. Let X be a finite cell complex and ^ E H^{X;'R). The following 
statements regarding an integer k > are equivalent: 

(A) cl(X,e)>fc; 

(B) There exists cohomology class vq € H '^(X;L) where L £ V^ is a 
^-transcendental flat line bundle and there exist k integral coho- 
mology classes Vi € -ff *(X;Z) where i = l,...,k and di > for 
z G {1, . . . , k}, such that the cup-product (63\) is nontrivial. 

(C) Let H denote Hi{X; Z)/Ker(^) and let Q{H) denote the field of frac- 
tions of the group ring 7j[H]. Then there exist cohomology classes 
t(;o G H'^''{X;Q{H)) and v.; G H'^^{X;Z) where di > for i = 
1, . . . ,k such that the cup-product 

woUviU---Uvk^OeH*{X; Q{H)) 

is nontrivial. 

(D) For any ^-transcendental flat line bundle L £ V^ there exists co- 
homology class Vq G H'^"{X;L) such that the cup-product (EJj is 
nontrivial for some integral cohomology classes Vi G H'^'-{X;Z) with 
di > /or z G {!,.. . ,k}. 

(E) For any ^-transcendental flat line bundle L ^V^ there exist cohomol- 
ogy classes vq G H^'' {X; L) and Vi G H'^^ {X; C) where i = 1, . . . ,k 
and di > for i G {1, . . . , /c} such that the cup-product W^) is non- 
trivial. 

Proof. Let us show that (A) =^ (B). Fix a ^-transcendental bundle L G Vg, 
and Vq G H*{X; L) such that ()63p is nontrivial for some Vi G H^ {X; C) with 
di > 0. Consider now the cup-products 

(64) Wo U u'l U • • • U Ufc 
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with arbitrary integral cohoniology classes v[ E H '{X;'Ij)] here the degrees 
di are assumed to be fixed. (|64p is a multi-linear function of the classes v'^. 
Since the integral classes generate H'^^{X;C) over C we obtain that ([M|) 
must be nonzero for some choice of classes v'^, i.e. (B) holds. 

Now we show that (B) =^ (C). Fix L G Vg and the classes vq G iJ^o(X; L) 
and Vi € H '-{X^'L) satisfying conditions described in (B). The monodromy 
homomorphism Mon^, : "^[H] — *• C is an injective ring homomorphism, it 
extends to the field of fractions Q{H) -^ C. The image of the induced 
homomorphism on cohomology 

(65) tP : i^"^" {X; Q{H)) ^ H'^» {X; L) 

generates H'^°{X;L) over C and (|65p is injective (for reasons mentioned 
in the proof of Lemma [2T]) . Fix cohomology classes Vi € H*{X;'L) where 
i = 1, . . . ,k. For a cohomology class wq G H'^"{X; Q{H)) the function 

(66) ^{wq) U vi U • • • U Vfc = il){wo U f 1 U • • • U Ufc) G H*{X;L) 
extends to a C-linear function of vq G H'^^^{X; L) 

Vo^VoUviU ---Uvk e H*{X;L). 

If this function is nonzero then it may not vanish on the image of ^, i.e. (C) 

holds. 

The implication (C) =^ (D) follows from injectivity of homomorphism (j65p 

and from (j66p . 

Implications (D) =^ (E) and (E) =^ (A) are obvious. This completes the 
proof. D 

Lemma 23. Assume that X and Y are path connected finite cell complexes 
andS.eH^{X x y;M). Then 

(67) cl(X xY,0> cl{X,^\x) + cl(y, e|y). 

Proof. Denote cl(X, ^jx) = k and cl(y, ^|y) = r. Any flat line bundle L 
over X X Y has the form Li M L2 (exterior tensor product) where Li and 
L2 are flat line bundles over X and Y respectively. Note that if L lies 
in the variety V^ = Iioni{Hi{X x y;Z)/Ker(^), C*) then Li and L2 are 
obtained by restrictions and hence Li G V^|^ and L2 G V^\y- We will 
use equivalence between (A) and (E) of Lemma [22j Fix a ^-transcendental 
bundle L = LiM L2 £ V^ over X x Y . Then both Li and L2 are ^- 
transcendental. Find classes vq G H*{X;Li), vi,...,Vk G H*{X;C), uq G 
H*(Y;L2), ui,...,Ur G H*{Y;C) such that t;o U wi U • • • U Wfc 7^ and 
uqUuiU- • -UUr 7^ 0. Now we have cohomology classes vqXuq G H*{XxY; L) 
and Vi X 1, 1 X Uj G H*{X x Y; C) and the product 

k r 

{vQ X uo) U ]J(t;i X 1) U JJ(1 X Uj) 7^ G if*(X x Y;L) 
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is nonzero. Here we use the Kiinneth formula which states 

(68) H*{X xY;LiM L2) ~ H*{X; Li) H*{Y; L2). 

This proves (j57|) . D 

11.2. Some examples. In this section we apply Theoremll9lin a few simple 
examples. 

11.2.1. First consider the case ^ = 0. We know that for ^ = the number 
cat(X, ^) coincides with the classical LS category cat(X), see [18], Example 
10.8. Let us examine what Theorem [19] gives in this case. The variety V^ 
has only one point - the trivial flat line bundle C over X. The support 
Supp(X, ^) = is always empty for ^ = 0. We may therefore take vq = 
1 € H^{X;C) applying Theorem 1191 Thus, we see that Theorem 1191 claims 
in the special case ^ = that if there exist cohomology classes vi, . . . ,Vk G 
H^'^{X;C) with ?;iU- • -Uvk 7^ then cat(X) > k. This claim is the classical 
cup-length estimate for the LS category cat(X). 

11.2.2. Note that if ^ / and X is connected then H^{X; L) = for any 
nontrivial L G Vg. Note also that the trivial flat line bundle C G Vr- is 
never ^-transcendental. Therefore the degree of the class vq (which appears 
in Theorem [T9l) in the case ^ 7^ must be positive. Hence for ^ 7^ the 
number k in Theoremll9lsatisfies k < dimX — 1. This explains why Theorem 
[m cannot give cat(X,^) > dimX -h 1 for ^ / 0. 

Lemma [10] yields 

(69) cat(X,^) <cat(X) -1 <dimX 

assuming that X is connected and ^ 7^ 0. This is consistent with the remark 
of the previous paragraph. 



11.2.3. The following example shows that ()69p can be satisfied as an equal- 
ity i.e. that cat(X, ^) = dimX is possible. Consider the bouquet X = Y\/S^ 
where y is a finite polyhedron, and assume that the class ^ G H^{X; M) sat- 
isfies C|y = and .^j^i 7^ 0. We know that in this case 

(70) cat(X,C) =cat(y) -1, 

see Example 10.11 from [18j . 

We are going to apply Theorem [19] The variety V^ in this case coincides 

with the set C* = C — {0}. The support Supp(X, ^) contains in this case 

only the trivial line bundle. L G V^ is ^-transcendental if the monodromy 

along the circle S^ is a .^-transcendental complex number. For any L G V^ 

the restriction L\y is trivial and the restriction homomorphism H^{X; L) — > 

H\Y;C) is onto. 

Suppose that the cohomological cup-length of Y with C-coefficients equals 

£, i.e. there exist cohomology classes of positive degree ^0,^1, ■ ■ ■ ,«£-! G 

H^^{Y; C) such that the product uqU- • -VJui-i 7^ is nonzero. By the above 
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remark, for a nontrivial L G V^ we obtain cohomology classes vq G H*(X; L) 
and vi, . . . , f£_i € H^^{X; C) such that Wj|y = Uj. Hence uq U ui U • • • U 
v^_i ^ G H*{X]L). By Theorem [H] we obtain cat(X,^) > ^ - 1 which is 
equivalent (taking into account (170p ) to cat(y) > £. The last inequality is 
the classical cup-length estimate for the usual category. 

11.2.4. Let us now consider a very specific example: X = T^ V S^. In 
this case H^{X;M.) = R^ and we describe cat(X, ^) as function of .^ G 
H^{X;R) = M^. We denote by ^ C M^ the set of ah classes ^ such that 
^1-^2 = 0. Clearly ^ is a line through the origin in M'^. We claim that: 

(71) cat(X,e) = 

Indeed, consider first the case S, ^ i, i.e. ^\rp2 7^ 0. Let us show that 
cat(X, ^) < 1. Denote p = T'^ H S^ and let g G S*^ be a point distinct from 
p. Set F = X — {q} and Fi = S^ — {p}. Then F U Fi = X is an open cover 
of X with Fi ^ X null-homotopic and with F being iV-movable in X for 
any A^ (assuming that ^17^2 7^ 0; this follows from homotopy invariance of 
cat(X, ^) and from Example [H 

Since cat(X, ^) = would imply xi^) = by Theorem [7| stated below we 

obtain that cat(X, ^) > for any ^ (as x(^) = ~1 7^ 0)- This proves the 

first fine of ([TI]). 

If C G ^ - {0} we apply ([70]) to obtain cat(X, ^) = cat(r2) -1 = 2. 

For ^ = we easily find cat(X, ^) = cat(X) = 3. 

12. Upper bounds for cat(X, ^) and relations with the Bieri - 
Neumann - Strebel invariants 

Bieri, Neumann and Strebel introduced in [1] a geometric invariant of dis- 
crete groups G which captures information about the finite generation of 
kernels of abelian quotients of G. In this section we describe a relation 
between this invariant and properties of cat(X, ,^). 

Let us recall the definition. We always assume that G is finitely presented as 
this is sufficient for our purposes. Let 5(G) denote (IIom(G, M) — {0})/E+ 
where M+ acts on Hom(G, M) by multiplication. Clearly S{G) is a sphere of 
dimension n — 1 where n is the rank of the abelianization of G. Denote by 
[x] the equivalence class of a nonzero homomorphism x : G — > M. The Bieri- 
Neumann-Strebel invariant associates to G a subset S(G) C S{G) defined as 
followqj. Let X be a finite cell complex with vri (X) = G and let p : X —^ X 
be the universal abelian cover of X. A homomorphism x ^ Hom(G,M) can 
be viewed as a cohomology class lying in H^{X; M). One has x ^ ^(G) if and 



We rely on Theorem 5.1 of [I] which states that the definition of S(G) given above 
coincides in the case of finitely presented G with the main definition of [1] . 
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only if the inclusion N ^ X induces an epimorphisni 7ri(A^, xq) -^ vri(X, xq) 
where A^ C X is a connected neighborhood of infinity with respect to Xi see 
§2 of [24J and Lemma 5.2 from |T|. 

The following Theorem summarizes the results proven in 



Theorem 21 (Farber - Schiitz). 

(a) Let X be a finite connected polyhedron and let ^ G H^{X;'K) be 
nonzero. Then 

cat(X,0 < dimX 

(b) Let M be a closed connected smooth manifold and let ^ € H^ (M; M) 
be nonzero. Then 

cat(M,0 < dim(M) - 1. 

(c) Let M be a closed connected smooth manifold of dimension > 5 and 
let ^ € H^{M;W) be nonzero. If either 

CGS(7ri(M)) or - ^ G S(^i(M)) 

then 

cat(M,^) < dimM-2. 

(d) Let M be a closed connected smooth manifold of dimension > 5 and 
let ^ G H^{M;W) be nonzero. If both inclusions take place 

C G S(7ri(M)) and - ^ G S(7ri(M)) 

then 

cat(M,0 < dimM-3. 



13. HOMOLOGICAL CATEGORY WEIGHTS, ESTIMATES FOR cat^(X, ^) AND 
CALCULATION OF cat(X, ^), cat^(X, ^) FOR PRODUCTS OF SURFACES 

In this section we describe briefly the results obtained in [25] which has as its 
main goal obtaining cohomological lower estimates for cat^(X, ^). In partic- 
ular we will see that there are many examples when cat(X, ^) < cat"'^(X, ^) 
and the difference cat^(X, ^) — cat(X, ^) can be arbitrarily large. 
The first step is the introduction of a new notion of category weight of 
homology classes which is somewhat dual to the cohomological notion in- 
troduced by E. Fadell and S. Husseini [8]. It was a pleasant surprise to 
discover that the homological category weight is homotopy invariant unlike 
the cohomological version of Fadell and Husseini. 

The notion of homological category weight allows us to obtain improved 
cohomological lower bounds for cat^(X;^). 
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13.1. Homological category weight. The classical cohoniological lower 
bound for the Lusternik - Schnirelmann category cat(X) states that cat(X) > 
n if there exist n cohomology classes of positive degree Uj G H*{X; Rj) where 
j = 1, 2, . . . , n, such that their cup-product uiU2 . . . Wn 7^ G H*{X; R) is 
nontrivial. Here Rj denotes a local coefficient system on X and R is the 
tensor product i? = i?i ■ ■ ■ (g) i?„. 

E. Fadell and S. Husseini [8] improved this estimate by introducing the 
notion of a category weight cwgt(n) of a cohomology class u G H'^{X; R). 

Definition 13 (Fadell - Husseini, [8j). Let u G H'^{X;R) be a nonzero 
cohomology class where R is a local coefficient system on X. One says that 
cwgt(n) > k (where A; > is an integer) if for any closed subset A C X with 
catx^ < k one has nj^ = G H'^{A; R). 

Recall that the inequality catx^ < k means that A can be covered by k 
open subsets Ui C X such that each inclusion Ui C X is null-homotopic, 
i = 1, . . . ,k. 

According to Definition [13] one has cwgt(u) > in general and cwgt(ti) > 1 
for any nonzero cohomology class of positive degree. As Fadell and Husseini 
[8] showed, cwgt(ti) > 1 in some special situations which improves the lower 
estimate for cat(X). Indeed, one has 

n 

cat(X) > 1 + 2~]cwgt{ui) 

i=l 

assuming that the cup-product uiU2 ... Un 7^ is nonzero. 
Y. Rudyak [5l] and J. Strom [59j studied a modification of cwgt(ti), called 
the strict category weight swgt(u). The latter has the advantage of being 
homotopy invariant. However in some examples the strict category weight 
is considerably smaller than the original category weight of Fadell and Hus- 
seini. 

In [25] we introduced and exploited a "dual" notion of category weight of 
homology classes. It has the geometric simplicity and clarity of category 
weight as defined by Fadell and Husseini and has a surprising advantage of 
being homotopy invariant. 

Definition 14 (Farber - Schiitz, [25j). Let z G Hq{X;R) be a singular 
homology class with coefficients in a local system R and let /c > be a 
nonnegative integer. We say that cwgt(2;) > k if for any closed subset 
A C X with catx^ < k there exists a singular cycle c in X — A representing 
z. We say that cwgt(z) = k iS cwgt(2;) > k and cwgt(z) ^ k + 1. 

In other words, cwgt(z) > A: is equivalent to the fact that z can be realized 
by a singular cycle avoiding any closed subset A C X with catx^ < k. 
For example, cwgt(z) > 1 iff 2 can be realized by a singular cycle avoiding 
any closed subset A C X such that the inclusion A ^ X is homotopic to a 
constant map. 
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It will be convenient to define the category weight of the zero homology class 

as +00. 

Formally cwgt(z) > A: if 2; lies in the intersection 

[]lm[Hg{X-A;R) ^ Hg{X;R)] 
A 

where A C X runs over all closed subsets with catx^ < k. 
The relation cwgt(z) < k means that there exists a closed subset A C X 
with catx^ < k + 1 such that any geometric realization of z intersects A. 
In particular we obtain the following inequality 

(72) cat(X) > cwgt(z) + 1 

for any nonzero homology class z € Hg{X;R), z ^ 0. The last inequality 
can be also rewritten as 

(73) < cwgt(z) < cat(X) - 1 < dimX 

for any nonzero homology class. 

Note that if X is path-connected and z is zero-dimensional, i.e. z G Hq{X), 
then cwgt(z) = cat(X) — 1. 

Lemma 24. Assume that X is a simplicial polyhedron. Then cwgt(z) > k 
iff z can he realized in X — A for any sub-polyhedron A C X with catx^ < k. 

Proof. We only need to show the 'if'-direction. Let A C X he closed with 
catx^ < k. We need to show that z can be realized by a cycle in X — A. 
We have A C Ui L) ■ ■ ■ U Uk with each Ui open and null-homotopic in X. 
Passing to a fine subdivision of X, we can find a sub-polyhedron B C X 
with A C B C Ui L) ■ ■ ■ U Uk. Then catxB < k and z can be realized by a 
cycle lying in X - B C X - A. D 

Example 2. Assume that X is a closed 2-dimensional manifold, i.e. a 
compact surface. Let us show that any nonzero homology class z G Hi{X) 
has cwgt(2;) > 1. Indeed, it is easy to see that any closed subset A C X 
which is null-homotopic in X lies in the interior of a disk D^ C X; but 
Hi{X — IntD^) -^ Hi{X) is an isomorphism. 

Theorem 22 (Farber - Schiitz, [25j). If f : X ^ Y is a homotopy equiva- 
lence then for any homology class z E Hq{X; R) one has 

(74) cwgt(z) = cwgt(/,(z)). 

Here f>({z) E Hq{X\R') where R' = g*R is the local coefficient system over 
Y induced by the homotopy inverse g : Y ^ X of f . 

Another important result from [25] shows how one may use the notion of 
homological category weight in conjunction with the notion of Fadell and 
Husseini to estimate cat(X): 
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Corollary 25. Suppose that X is a metric space and for some classes z G 
Hq(X;R) and u G H'^{X\R') the evaluation 

{u,z) ^0 e R' (S)R 

is nonzero. Then 

(75) cat(X) > cwgt(z) + cwgt(u) + 1. 

Here cwgt(2;) is the category weight of homology class z as defined above and 
cwgt(n) is the category weight of u as defined by Fadell and Husseini [8j. 

The main idea standing behind this Corollary is that "the degree of non- 
triviality" of a cohomology class u can be "measured" by "quality" of the 
homology class z satisfying {u,z) ^ 0. 

It is curious to observe that in the case of closed manifolds our notion of 
category weight of homology classes coincides with the cohomological notion 
of Fadell and Husseini |8j via the Poincare duality. However for Poincare 
complexes these notions are distinct as we show by an example given below. 

Theorem 23 (Farber - Schiitz, [25]). Suppose that X is a closed n-dimen- 
sional manifold, z G Hq(X;R) where R is a local coefficient system. Let 
u G H^~'^{X;R®'L) be the Poincare dual cohomology class, i.e. z = uri[X], 
see below. Then 

(76) cwgt(2) = cwgt(u). 

Here TL denotes the orientation local system on X, i.e. for a point x G X 
the stalk of Z at x is Zx = Hn{X,X — x;Z), see |58j . 

Example 3. Let X = RP" be the real projective space. For the unique 
nonzero cohomology class z G Hq{X;7j2) one has cwgt(z) = n — q. Indeed, 
the dual homology class is q"~^ G H"'~'^{X; Z2) where a G H^iX; Z2) is the 
generator. Clearly, cwgt(a"~'^) = n — q. 

Theorem [23] implies: 

Corollary 26. If X is a closed n-dimensional manifold then for any ho- 
mology class z G Hq(X; R) with q < n one has 

(77) cwgt(z) > 1. 

Indeed, if g < n then the dual cohomology class u has positive degree and 
hence cwgt(u) > 1. 

Consider now the case when X is n-dimensional Poincare complex. The 
following example shows that Theorem [23] is false for Poincare complexes. 
It is a modification of an argument due to D. Puppe showing that the notion 
of category weight of cohomology classes is not homotopy invariant. 
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Example 4. Consider the lens space L = S'^'"'^^ j iJL j ip) where p is an odd 
prime and Z/p acts freely on S"^^^^ . Denote by r : 5^"^^ — > L the quotient 
map. Let X be the mapping cylinder of r, i.e. 

X = LU 52n+l X [0, 1]/ ~ 

where each point (x,0) € ^Sn+i ^ [Q, 1] is identified with r(x) € -L. Clearly 
X is homotopy equivalent to L and so it is a Poincare complex. By a 
theorem of Krasnoselski [29], the category of X equals 2n + 2. Hence for 

z = 1 E Hq{X;7j2) one has 

cwgt(z) = cat(X) - 1 = 2n + 1, 

see above. The dual cohomology class u is the generator u E H'^^~^^{X] Z2). 
Let us show that 

cwgt(n) = 1. 

Indeed, consider the sphere S = S"^"^^^ x 1 C X. The restriction u\s E 
^2n+i^^. ^^-j coincides with the induced class r*{v) where v E H'^^~^^{L; Z2) 
is the generator. Hence the cohomology class u\s is nonzero. However, the 
sphere S has category 2 and moreover catx-S* = 2 (as the inclusion S* — > X 
is not null-homotopic) . 

13.2. Cohomological estimate for cat^(X, ,^). The following Theorem is 
the main result established in 1251. 



Theorem 24 (Farber - Schiitz, [25j). Let X be a finite cell complex and 
^ E H^{X;W). Let L £ V(^ be a complex flat line bundle over X which is 
not a (^-algebraic integer (see Definition \12^) . Suppose that for an integral 
homology class z E Hq{X;Z) = Hq{X;A) and some cohomology classes u E 
H {X; L) and Ui E H^{X; C), where di > for i = 1, . . . ,k, the evaluation 
(n U ui U • • • U Uk,p>t{z)) 7^ E C is nonzero. Here p>t{z) E H(i{X\L*), 
q = d + di + ■ ■ ■ + dk- Then one has 

(78) cat^(X,0 >cwgt(z) + A; + l. 

Here cwgt(z) denotes the category weight of z viewed as a homology class 
of X with local coefficient system A = 1i[H] where H = Hi{X; Z)/Ker(^) is 
a free abelian group which can be identified with the group of periods of ^. 

13.3. cat(X,^) and cat^(X,,^) for products of surfaces. 

Theorem 25 (Farber - Schiitz ^2H|25]). Let M"^^ denote the product 

Si X S2 X • • • X Sfc 

where each Sj is a closed orientable surface of genus gi > 1. Given a coho- 
mology class ^ E H^{M'^'^;R), one has 

(79) cat(M2'=,^) = l + 2r 
and 

(80) cat^(M2^^) = l + A: + r 
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where r = r[^) denotes the number of indices i G {1, 2, . . . , A:} such that the 
cohomology class ^\y.^ G H'^{Tii,M) vanishes. In particular 

(81) caX{M^^,i) = l 
and 

(82) cat^(M2^e) = l + fc 
assuming that ,^[sj 7^ € H'^iTii^M) for any i = 1, . . . ,k. 

We refer the reader to our papers |24[ [25] for proofs and more detail. 
Theorem [25] demonstrates that the difference between two notions of cate- 
gory with respect to a cohomology class 

cat^(X,^) -cat(X,^) 

can be arbitrarily large. 

Some further results developing the Lusternik-Schnirelman theory for closed 
1-forms were obtained by J. Latschev [31j and D. Schiitz [60j; see also [16] 
and [IT]. 
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